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Application of the Matrix-Variate Mellin Transform
to Analysis of Polarimetric Radar Images
Stian Normann Anfinsen, Member, IEEE, and Torbjørn Eltoft, Member, IEEE

Abstract—In this paper, we propose to use a matrix-variate
Mellin transform in the statistical analysis of multilook polarimetric radar data. The domain of the transform integral is the
cone of complex positive definite matrices, which allows for transformation of the distributions used to model the polarimetric
covariance and coherency matrix. Based on the matrix-variate
Mellin transform, an alternative characteristic function is defined,
from which we can retrieve a new kind of matrix log-moments and
log-cumulants. It is demonstrated that the matrix log-cumulants
are of great value to analysis of polarimetric radar data, and
that they can be used to derive estimators for the distribution
parameters with low bias and variance.
Index Terms—Doubly stochastic product model, matrix-variate
statistics, Mellin transform (MT), method of log-cumulants, parameter estimation, radar polarimetry, synthetic aperture radar
(SAR).
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I. I NTRODUCTION

P

OLARIMETRIC radar has become an important remote
sensing instrument due to its ability to discriminate between different scattering mechanisms. It can therefore characterize physical properties of the target that cannot be determined
from single polarization (mono-pol) radar measurements.
To fully utilize the polarimetric information captured, it is
necessary to consider the complex correlations between all
polarimetric channels, thereby including all intensity and phase
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information. This is taken care of in the doubly stochastic
polarimetric product model [1], [2] which describes speckle
and texture as independent sources of data variability and
provides good model fit to the data. However, the product model
produces difficult mathematical expressions for the probability
density function (PDF) and the statistical moments which complicates its application to image analysis. We here present an
analytic framework that alleviates this problem.
It was noted already by Epstein [3] that the Mellin transform
(MT) is a natural analytical tool to use when studying the
distribution of products and quotients of independent random
variables (RV). Nicolas [4], [5] utilized this fact in the analysis
of compounded distributions used to model synthetic aperture
radar (SAR) data. He introduced a new theoretical framework
by replacing the Fouriér transform (FT) with the MT in the
definition of the characteristic function (CF) and cumulant generating function (CGF). This framework was originally coined
second kind statistics but we shall refer to it as Mellin kind
statistics (MKS). From the resulting Mellin kind CF and CGF,
one can retrieve the statistics known as log-moments and logcumulants.
The most important development under this framework is the
method of log-cumulants (MoLC) for parameter estimation [4],
[5] which Nicolas applied to a number of doubly stochastic
distributions as well as the positive alpha-stable distribution
[6] and members of the generalized gamma distribution (GγD)
family (e.g., the Weibull and log-normal distribution) [7]. The
same method has earlier been applied to GγDs [8], though
without relating it to the MT. The list of recently proposed SAR
image analysis and image processing algorithms that employ
the MoLC covers diverse applications such as statistical modeling [9]–[11], speckle filtering [12]–[15], classification [16],
segmentation [17], [18], change detection [19]–[21], interferometric coherence estimation [22], and image compression [23].
Being aware of the impact that MKS has had on mono-pol
SAR image analysis, we here extend the theory to the matrixvariate case which describes multilook polarimetric radar data.
This is done by introducing a matrix-variate version of the
MT [24] which is used to define a Mellin kind CF and CGF
of random matrices. We then show how matrix log-moments
and matrix log-cumulants can be obtained from the Mellin
kind matrix CF and CGF, respectively. For all the theoretical
derivations, we highlight the analogy with the univariate case
developed by Nicolas and also the classical theory where the
FT is used instead of the MT.
The paper is organized as follows. In Section II, we describe
the data delivered by mono-pol and polarimetric radars together
with the PDFs commonly used to model the data. In Section III,
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we review the classical definition of moments and cumulants
and give an overview of univariate MKS before presenting
the extension to complex matrix-variate MKS including new
definitions and derivations of key properties. The application to
parameter estimation for multilook polarimetric radar data distributions using the method of matrix log-cumulants (MoMLC)
is presented in Section IV, accompanied by numerical simulations that document the improvement of estimator precision and
accuracy. We give our conclusions in Section V.
Our convention for notation is that scalar values are denoted
as lower or upper case standard weight characters, vectors are
lower case boldface characters, and matrices are upper case
boldface characters. Except for scalar random variables, we
do not distinguish between random variables and instances of
random variables, as such can be ascertained through context.
A list of acronyms is provided in the next page for convenience.

The noiselike effect of interference, known as speckle, can be
mitigated by a processing step called multilooking. Multiple
measurements are obtained by splitting the Doppler bandwidth
into a number of subbands, each giving rise to a separate image
referred to as a look. All looks are averaged in the power
domain to produce multilook data.
The matrix S and the vector s are single-look complexformat representations of polarimetric radar data. The L looks
extracted in the multilooking process may be represented by the
L
set {s }L
=1 or {S }=1 in the mono-pol case. The data formats
obtained in the multilook intensity domain are
1
S S∗ ,
L
L

C=

d=1

(3)

=1

where (·)∗ denotes complex conjugation, and
1 H
s s ,
L
L

C=

II. R ADAR DATA M ODELS
A full-polarimetric imaging radar separately transmits
orthogonally polarized microwave pulses and measures orthogonal polarizations of the received signal. For each pixel,
the measurements result in a matrix of scattering coefficients.
These are complex-valued dimensionless numbers that describe
the transformation of the transmitted electromagnetic field to
the received electromagnetic field for all combinations of transmit and receive polarization, and assuming no atmospheric
disturbance, such as Faraday rotation.
The transformation can be expressed as
 ↓ 

 ↑
ejkr Sxx Sxy
Ex
Ex
=
(1)
Ey↑
S
S
Ey↓
r
yx
yy
where k denotes wavenumber and r is the distance between
radar and target. The subscript of the electromagnetic field
components Ei↓ and Ei↑ , i ∈ {x, y} refers to one of the orthogonal polarizations x and y. The superscript indicates
transmitted/incident (↓) or received/backscattered (↑) wave.
SAR systems normally use linear polarizations (horizontal
and vertical) while circular polarizations (left and right) are
another choice. The scattering coefficients Sij are subscripted
with the associated receive and transmit polarization, in that
order. Together, they form the scattering matrix, denoted
S = [Sij ] ∈ C2×2 .
The scattering vector may be defined as
s = [Sxx Sxy Syx Syy ]T = vec(ST ) ∈ Cd
T

(2)

where (·) means transposition, vec(·) denotes vectorisation by
column stacking, and d = dim(s) = 4 is the vector dimension.
Other definitions are possible [25] since the vector can be
linearly transformed to emphasize physical interpretations of
the elements (i.e., Pauli basis), or the dimension can be reduced
to d = 3 by assuming target reciprocity (i.e., Sxy = Syx ). A
reduced version also results when only a subset of S is measured, such as for mono-pol SAR (d = 1) and dual-polarization
SAR (d = 2).
Radar images are affected by an interference phenomenon
which is a characteristic of all coherent imaging systems.

d>1

(4)

=1

where (·)H denotes the Hermitian (conjugate transposition)
operator. We refer to C ∈ IR+ as the multilook intensity and
C ∈ Ω+ ⊂ Cd×d as the multilook polarimetric covariance matrix. Note that C is a real positive RV, whereas C is a random
matrix defined on the cone1 Ω+ of positive definite complex
Hermitian matrices
Ω+ = {X : X  0, X = XH ∈ Cd×d }

(5)

where X  0 means that X is positive definite.
A. Gaussian Model
It is commonly assumed that the scattering vector elements
are jointly circular complex Gaussian. This is strictly justified
only for homogeneous regions of the image characterized by
fully developed speckle and no texture. The notion of texture
is here defined as spatial variation in the backscatter that is due
to target variability, i.e., fluctuations in the radar cross section.
The Gaussian model only encompasses variability due to the
stochastic interference pattern, that is, speckle.
Assume for the moment that s is zero mean and circular complex multivariate Gaussian, denoted s ∼ NdC (0, Σ), where 0 is
a column vector of zeros and Σ = E{ssH } is the covariance
matrix of s. E{·} denotes the expectation value. The PDF of s is
ps (s; Σ) =

1
π d |Σ|

exp(−sH Σ−1 s)

(6)

where | · | is the determinant operator. It follows that if
L ≥ d and the s are independent, then the unnormalized
sample covariance matrix, defined as Z = LC, follows the
non-singular complex Wishart distribution [26]:
pZ (Z; L, Σ) =

|Z|L−d
etr(−Σ−1 Z)
Γd (L)|Σ|L

(7)

1 A cone is defined as a subset of a vector space that is closed under
multiplication by positive scalars.
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where etr(·) = exp(tr(·)) is the exponential trace operator and
Σ = E{C} = E{Z}/L. We write this as Z ∼ WdC (L, Σ).
The normalization constant Γd (L) is the multivariate gamma
function of the complex kind, defined as

|Z|L−d etr(−Z) dZ
Γd (L) =
Ω+

= π d(d−1)/2

d−1


Γ(L − i)

(8)

i=0

where Γ(L) is the standard Euler gamma function. We further
2
have pC (C) = pZ (LC)|JZ→C |, where |JZ→C | = Ld is the
Jacobian determinant of the transformation Z = LC [24]. The
PDF of C becomes
pC (C; L, Σ) =

LLd |C|L−d
etr(−LΣ−1 C).
Γd (L) |Σ|L

(9)

In the 1-D case, the complex Wishart distribution reduces to
the gamma distribution with PDF


LL cL−1
Lc
exp
−
pC (c; L, σ) =
(10)
Γ(L) σ L
σ
where σ = E{C}. This is denoted C ∼ γ(L, σ).
In the following, we denote the unnormalized covariance
matrix Z by W when it follows a complex Wishart distribution
and the corresponding C by W̃. We also refer to the PDF in (7)
as pW (W) to emphasize the underlying model.

Fig. 1. Relations between the matrix representations introduced in the
product model: Z = T W; C = T W̃ and by the normalizations: Z = LC;
W = LW̃ .

In [2], the family of generalized inverse Gaussian distributions is proposed as a model for T . Table I lists the gamma
(γ̄), inverse gamma (γ̄ −1 ), and Fisher–Snedecor (F̄) distribution as possible choices of pT (t), giving both notation and
expression of their PDF. We remark that the distributions have
been normalized to unit mean, indicated by the overbar in the
given symbol, which fixes and obsoletes one parameter of the
unconstrained distribution. The table also presents the resulting
distributions for C, calculated from

B. Product Model

∞

As described above, the randomness of a radar image measurement is commonly attributed to two unrelated factors,
namely, speckle and texture. The latter represents the natural
spatial variation of the radar cross section which is generally not
perfectly homogeneous for pixels that are thematically mapped
as one class. While the Gaussian model only accounts for
speckle, several statistical models exist that also incorporate
texture, either by assuming statistics that imply a non-Gaussian
scattering vector, or explicitly, by modeling texture as a separate
RV. The latter case leads to a doubly stochastic model with a socalled compounded distribution.
The well-known product model, described e.g., in [1], [2],
[28], has been shown to be both mathematically tractable and
successful for modeling and prediction purposes in coherent
imaging. In the multilook polarimetric version, which is extensively reviewed in [2], it decomposes Z as a product of two
independent stochastic variables
Z = TW

(11)

with individual distributions. The positive, scalar, and unit
mean RV T generates texture, assuming that its contribution is
independent of polarization and common for all channels. The
matrix variable W ∼ WdC (L, Σ) models speckle. The PDF
of Z depends on the PDF of the multilook texture RV T .
Fig. 1 illustrates the relationships between the covariance matrix representations introduced thus far.

pZ|T (LC|t)pT (t)|JZ→C | dt

pC (C) =
0

∞
= |JZ→C |

pW (tLC)pT (t) dt.

(12)

0

These covariance matrix distributions are the matrix-variate
K distribution, the matrix-variate G 0 distribution, and the
U -distribution. The K distribution and the U distribution are
named, respectively, after the second kind modified Bessel
function of order ν, denoted Kν (·), and the second kind confluent hypergeometric Kummer function, denoted U (·, ·, ·). The
complex Wishart distribution is also presented and interpreted
as a special case of the product model with a constant texture
parameter whose PDF is written in terms of a Dirac delta
function, δ(t).
We remark that the PDF of a product of random variables
is known as a Mellin convolution of the factor densities. Thus,
(12) can be viewed as a Mellin convolution, as we shall return
to later.
III. M ELLIN K IND S TATISTICS
A. Classical Statistics
A scalar statistical moment captures certain characteristics of
a statistical distribution by projecting its PDF onto a scalar. In
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TABLE I
T EXTURE AND C OVARIANCE M ATRIX D ISTRIBUTIONS U NDER THE D OUBLY S TOCHASTIC P RODUCT M ODEL

the univariate case, the νth-order raw moment of a real RV X
is defined as
+∞
xν pX (x) dx
mν {X} = E{X } =
ν

(13)

−∞

and the νth-order central moment as
m̄ν {X} = E {(X − m1 )ν }
+∞
(x − m1 )ν pX (x) dx
=

(14)

−∞

where m1 = E{X}. In both cases, we assume that the integrals
exist. Let F{·}(ω) and F −1 {·}(x) be the forward and inverse
FT, respectively. The classical CF is defined as ΦX (ω) =
E{ejωX } = F{pX (x)}(ω), with ω a real number and j the
imaginary unit.2 The CF always exists. When all moments exist,
the CF can be written as
+∞
ejωx pX (x) dx
ΦX (ω) =
∞

(jω)ν
ν=0

The CGF of X is defined as ΨX (ω) = ln ΦX (ω). When the
moments mν {X} exist, so do the cumulants cν {X} that are
coefficients of the power series expansion

ν!

∞

(jω)ν
ν=0

mν {X}

(15)

using the Maclaurin series expansion of the exponential function. The νth-order moment can in this case be retrieved from
mν {X} = (−j)ν

Relations in univariate classical statistics.

ΨX (ω) =

−∞

=

Fig. 2.

dν
ΦX (ω)
dω ν

.

(16)

ω=0

A statistical distribution is uniquely specified by its CF if all of
its moments are finite and the power series expansion for its CF
converges absolutely near the origin [29]. Then,

+∞
1
e−jωx ΦX (ω) dω.
=
2π

(18)

cν {X} = (−j)ν

dν
ΨX (ω)
dω ν

(19)
ω=0

by analogy with the moments. Moments and cumulants are
related by a combinatorial version of Faá di Bruno’s formula
[30]
cν {X} = mν {X} −


ν−1 

ν−1
i−1

ci {X}mν−i {X}

(20)

and reversely through
(17)

−∞

2 The

cν {X}.

The cumulants can be retrieved from the CGF as

i=1

pX (x) = F −1 {ΦX (ω)} (x)

ν!

exponential in the Fouriér transform may be defined with or without a
negative sign in the exponent. We have chosen the latter version.

mν {X} = Bν (c1 {X}, . . . , cν {X})

(21)

where Bν (·) is the νth complete Bell polynomial [31]. All
relations for classical univariate statistics are summarized in the
diagram of Fig. 2.
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Moments and cumulants can be generalized to random vectors: x ∼ px (x), x ∈ IRn , random matrices: X ∼ pX (X), X ∈
IRm×n , and the corresponding complex cases: z ∼ pz (z), z ∈
Cn and Z ∼ pZ (Z), Z ∈ Cm×n . The CF of a complex random
vector z is defined as [32], [33]
Φz (ω) = E ejRe{ω

H

z}

ω ∈ Cn

,

(22)

and the CF of a complex random matrix Z as
ΦZ (Ω) = E ejRe{tr(Ω

H

Z)}

,

Ω ∈ Cm×n

(23)

where tr(·) is the trace operator and Re{·} extracts the real part
of a complex expression, while the vector ω and matrix Ω are
transform variables. We note that the CFs are defined in terms
of the standard complex vector inner product ω H z and complex
matrix inner product tr(ΩH Z) [32].
The νth-order moments of z and Z are retrieved from
mν {z} = (−j)ν

∂ν
Φz (ω)
∂ω ν

∂ν
mν {Z} = (−j)ν
ΦZ (Ω)
∂Ων

(24)

Fig. 3. Relations in univariate Mellin kind statistics.

The domain of the MT restricts this definition to positive RVs
X ∈ IR+ . By expanding φX (s) as in the classical case, we
obtain
∞

ω=0

(25)
Ω=0

0

ν

where ∂ ν /∂ω ν and ∂ ν /∂Ω is multi-index notation for sequential νth-order partial differentiation with respect to all
elements in ω and Ω, respectively. Non-scalar moments and
cumulants of real random vectors and matrices are defined in
[34] and the theory can be extended to the complex case, but
this is outside the scope of our work.

The MT of the real-valued function f (x) defined on IR+ is
given as [3], [35]
∞
F (s) = M {f (x)} (s) =

xs−1 f (x) dx

(26)

0

where the transform variable s ∈ C. Under certain restrictions
on f (x), F (s) is analytic in a strip parallel to the imaginary
axis. The inverse MT is
f (x) = M−1 {F (s)} (x)
1
2πj

=

∞

(s − 1)ν

ν!

ν=0

μν {X}

a+j·∞


x−s F (s) ds.

μν {X} = E {(ln X)ν }

φX (s) = E X s−1 = M {pX (x)} (s).

provided the integral exists. The derivation of (29) reveals that
φX (s) is a power series expansion of the terms μν {X}, appropriately termed log-moments, when they exist. When pursuing
the analogy with the classical case, it is found that
μν {X} =

dν
φX (s)
dsν

(28)

.

(31)

s=1

The Mellin kind CGF is further defined as ϕX (s) = ln φX (s),
from which the Mellin kind cumulants, also known as logcumulants, can be retrieved as

(27)

The integration limits denote a line integral along any line s =
a ∈ IR parallel to the imaginary axis, which must lie within the
analytic strip of F (s).
Nicolas [4] proposed to replace the FT with the MT in the
definition of the CF for the RV X, thus defining the Mellin kind
CF as

(30)

0

κν {X} =

a−j·∞

(29)

with the νth-order Mellin kind moment defined as

∞
= (ln x)ν pX (x) dx

B. Univariate Mellin Kind Statistics

=

e(ln x)(s−1) pX (x) dx

φX (s) =

dν
ϕX (s)
dsν

(32)
s=1

given that the corresponding log-moment exists. When all logcumulants exist, the Mellin kind CGF can be expanded as
ϕX (s) =

∞

(s − 1)ν
ν=0

ν!

κν {X}.

(33)

The relation between the Mellin kind CF and CGF is the same
as in the classical case, hence so is the relation between the logmoments and log-cumulants. Fig. 3 summarizes all relations for
the univariate MKS.
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TABLE II
M ELLIN K IND S TATISTICS OF U NIVARIATE D ISTRIBUTIONS FOR R EAL P OSITIVE T EXTURE VARIABLES

Nicolas derived the MKS for the gamma, the inverse gamma,
and the Fisher–Snedecor distribution [4], [5], among others.
These results are listed in Table II for the unit mean version
of these distributions.

If all Mellin kind matrix moments exist, the Mellin kind CF can
be written as the power series expansion

e(s−d) ln |Z| pZ (Z) dZ
φZ (s) =
Ω+

C. Complex Matrix-Variate Mellin Kind Statistics
Mathai proposed a generalized transform (that he named the
M-transform) for matrix-valued functions in [36] and referred
to it in [37] as a generalized MT. The complex version relevant
to this paper was presented in [24].
Definition 1 (Complex Matrix-Variate MT): Let f (Z) be
a real-valued scalar function defined on a cone of d × d
Hermitian matrices that are either positive definite, negative
definite, or null, and let f be symmetric in the sense f (ZV) =
f (VZ) where V and Z belong to the same cone. The complex
matrix-variate MT is then defined as

|Z|s−d f (Z) dZ
(34)
M {f (Z)} (s) =
Ω+

with transform variable s ∈ C whenever the integral exists. It is
duly noted in [36] that since M{f (Z)}(s) is a function of the
complex scalar transform variable s, whereas f (Z) is defined
on a matrix space, the transform is not unique.
The symmetry requirement in the definition of the matrixvariate MT restricts in theory the range of PDFs it can be
applied to. In practice, however, it does not pose any problems
for the compound Wishart-type distributions used for multilook
polarimetric radar data. In these functions (See Table I), the
matrix variable Z occurs inside determinant and trace operators
that are symmetric themselves, hence the overall PDFs are also
symmetric in the required sense. We may therefore use the
transform to define MKS for the complex matrix-variate case.
Definition 2 (Mellin Kind Matrix-Variate CF): The Mellin
kind CF of the complex random matrix Z is defined as
φZ (s) = E |Z|s−d = M {pZ (Z)} (s)

(35)

when Z and pZ (Z) satisfy all requirements of the complex
matrix-variate MT.
Definition 3 (Mellin Kind Matrix Moments): The νth-order
Mellin kind matrix moment of Z is defined as
μν {Z} =

dν
φZ (s)
dsν

.
s=d

(36)

=

∞

(s − d)ν

ν!

ν=0

μν {Z}

(37)

in terms of the μν {Z}. The derivation of (37) reveals that
μν {Z} = E {(ln |Z|)ν }

=
(ln |Z|)ν pZ (Z) dZ

(38)

Ω+

when the integral converges, which justifies the denotation of
μν {Z} as a matrix log-moment (MLM).
Definition 4 (Mellin Kind Matrix-Variate CGF): The Mellin
kind CGF of the complex random matrix Z is defined as
ϕZ (s) = ln φZ (s).

(39)

Definition 5 (Mellin Kind Matrix Cumulants): The νth-order
Mellin kind matrix cumulant of Z is defined as
κν {Z} =

dν
ϕZ (s)
dsν

.

(40)

s=d

When all Mellin kind matrix moments exist, so do the Mellin
kind matrix cumulants, and the Mellin kind CGF can be expanded as
ϕZ (s) = ln φZ (s) =

∞

(s − d)ν
ν=0

ν!

κν {Z}

(41)

in terms of the κν {Z}, that are also called matrix log-cumulants
(MLCs).
As we see, there is a complete analogy with the MKS derived
in Section III-B for the univariate case, as summarized in Fig. 4.
The Mellin kind matrix-variate CF and CGF are related by the
same logarithmic transformation as in the univariate case. Thus,
the conversion between MLMs and MLCs is also given in terms
of Faá di Bruno’s formula and the complete Bell polynomial by
analogy with (20) and (21).
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D. Some Properties of the Matrix-Variate Product Model
We shall now look at some fundamental properties of the MT
which makes it a natural replacement of the FT when working
with a multiplicative signal model and extend this exposition to
the complex matrix-variate case.
1) Univariate Additive Model: Let X, U , and V be real
scalar RVs whose moments and cumulants all exist, and assume
that U and V are statistically independent. For the additive
stochastic signal model
X =U +V

(48)

we find that the CF, the CGF, and the cumulants of X, as defined
in the classical case using the FT, can be written as

Fig. 4.

Relations in matrix-variate Mellin kind statistics.

Example (Complex Wishart Distribution): The Mellin kind
CF of a complex Wishart matrix W ∼ WdC (L, Σ) is derived in
Appendix A as
φW (s) = M {pW (W)} (s)
Γd (L + s − d)
|Σ|s−d .
=
Γd (L)

ΦX (ω) = ΦU (ω) · ΦV (ω)

(49)

ΨX (ω) = ΨU (ω) + ΨV (ω)

(50)

cν {X} = cν {U } + cν {V }.

(51)

These relations also hold when the signal model is generalized
to the multivariate, matrix-variate, and complex case. The PDF
of X is given by the convolution
pX (x) = (pU ∗ pV )(x)

(42)

+∞
pU (u)pV (x − u)du
=

The MLCs are found to be
(0)

κ1 {W} = ψd (L) + ln |Σ|
(ν−1)

κν {W} = ψd

(L),

ν>1

(43)
(44)

where ∗ denotes the convolution operator, which corresponds
to a multiplication in the FT domain, as seen in (49).
2) Univariate Product Model: Now consider the stochastic
product model

where we introduce the νth-order multivariate polygamma
function as
(ν)
ψd (L)

=

d−1


ψ

(ν)

(L − i).

(45)

i=0

This is a convenient extension of the ordinary polygamma
functions, defined as the logarithmic derivatives of the gamma
function
ψ (ν) (L) =

dν+1 ln Γ(L)
dLν+1

ν ≥ 0.

(46)

Let W̃ = W/L be the normalized Wishart matrix whose
PDF is given in (9). The MLCs of W̃ are derived as
(0)

κ1 {W̃} = ψd (L) + ln |Σ| − d ln L
(ν−1)

κν {W̃} = ψd

(52)

−∞

(L),

ν > 1.

(47a)
(47b)

The MLMs of W and W̃ can be found by inserting the MLCs
into the equivalent formula of (21).
Log-statistics of W and W̃ were first derived in [38] without
utilizing the Mellin transform and not for a general order ν.
They were also used in [39] but interpreted as log-moments and
log-cumulants of the positive scalar RV |W| rather than of the
matrix W. A detailed derivation is given in Appendix A.

X =U ·V

(53)

with the additional constraints that X, U , and V ∈ IR+ . Observe that the Mellin kind CF, CGF, and cumulants defined with
the MT take the form
φX (s) = φU (s) · φV (s)

(54)

ϕX (s) = ϕU (s) + ϕV (s)

(55)

κν {X} = κν {U } + κν {V }.

(56)

The usual interpretation [4] is to view the MT as a Laplace
transform computed on a logarithmic scale. The logarithmic
transformation translates the product model into an additive
one, which explains why the Mellin kind CF inherits the
multiplicative property of the classical CF, whereas the CGF
and the cumulants take over the additive property from their
classical counterparts.
The PDF of X can be found from
∞
pX (x) =

pX|V (x|v)pV (v)dv
0

∞
=

pU
0

x
v

pV (v)

dv
v

(57)
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which is known as the Mellin convolution. The operation is
 pV )(x). The product in (54) is the MT
denoted pX (x) = (pU ˆ
domain equivalent.
3) Matrix-Variate Product Model: Before we are ready to
consider the matrix-variate product model, we shall establish
a matrix-variate Mellin convolution theorem using the matrixvariate MT of Definition 1. We also find it natural to include
some closely related correlation theorems. We start by defining
the matrix-variate Mellin convolution.
Definition 6 (Matrix-Variate Mellin Convolution): Let f (U)
and g(U) be two functions defined on the cone of positive
definite (or negative definite) complex Hermitian matrices.
Further assume that U and V both belong to the domain of
f and g and that the functions are symmetric in the sense
that f (UV) = f (VU). We define the matrix-variate Mellin
convolution of f and g as



1
1
|V|−d f V− 2 UV− 2 g(V)dV
(f ˆ
 g)(U) =
Ω+





1
1
|V|−d g V− 2 UV− 2 f (V)dV

=

(58)

Definition 7 (Type I Matrix-Variate Mellin Correlation):
Under the assumptions presented in Definition 6, we define the
type I matrix-variate Mellin correlation of f and g as


 1
1
ˆ
(61)
|V|d f V 2 UV 2 g(V)dV.
(f ⊗ g)(U) =
Ω+

This operation is neither associative nor commutative.
Theorem 2 (Type I Matrix-Variate Mellin Correlation): Under the assumptions presented in Definition 6, then
ˆ g)(U) (s) = M {f (U)} (s) · M {g(U )} (2d − s).
M (f ⊗
(62)
The proof is given in [40].
We also present an alternative definition. It reduces in the
univariate case to a relation often referred to as a Mellin
correlation (see e.g., [41]).
Definition 8 (Type II Matrix-Variate Mellin Correlation):
Under the assumptions presented in Definition 6, we define the
type II matrix-variate Mellin correlation of f and g as


 1
1
ˆ
(63)
|V|−d f V 2 UV 2 g(V)dV.
(f g)(U)
=

Ω+

Ω+

which is an associative and commutative operation.
Theorem 1 (Matrix-Variate Mellin Convolution): Under the
assumptions presented in Definition 6, then
M{(f ˆ
 g)(U)} (s) = M{f (U)}(s)·M{g(U)}(s).

(59)

Proof: Introduce the substitution X = UV and note that
X must belong to the same matrix space as U and V. Furthermore, we have U = V−(1/2) XV−(1/2) and dU = dX/|V|d
[24]. This yields
M {f (U)} (s) · M {g(V)} (s)



1
1
=
(|X|/|V|)s−d f V− 2 XV− 2 |V|−d dX
Ω+


=
Ω+

⎡

⎢
|X|s−d ⎣





|V|−d f V

− 12

XV

− 12



⎤

Ω+



⎥
g(V)dV⎦ dX

Ω+

= M {(f ˆ
 g)(X)} (s)

(65)

where X, U, and V are complex and positive definite Hermitian matrices. With the same approach as in (57), we establish
that the PDF of X is

pX|V (X|V)pV (V)dV
pX (X) =

|V|s−d g(V)dV
Ω+

ˆ
M (f g)(U)
(s) = M {f (U)} (s) · M {g(−U)} (s).
(64)
The proof follows in the same manner as for the Theorem 1
and is therefore omitted. A more general theorem which reduced to both Theorems 2 and 3 was presented in [24, Th. 6.2].
We will now explain the relevance to a matrix-variate product
model expressed by the (ordinary) matrix product
X = UV



×

This is neither an associative nor commutative operation.
Theorem 3 (Type II Matrix-Variate Mellin Correlation): Under the assumptions presented in Definition 6, then

(60)

where in the last transition, we identify the term in the square
brackets as the Mellin convolution.

We have shown that the MT provides a convolution theorem
for the product model like the FT does for the additive model,
and that this extends to matrix-variate theory. By further analogy with the Fourier transform, the Mellin transform also has
a correlation theorem. The following operation reduces in the
univariate case to the Mellin correlation, as Nicolas defines it in
[4], [5].

=



1
1
|V|−d pU V− 2 XV− 2 pV (V)dV.

(66)

Ω+

This is exactly (pU ˆ pV )(X) as should be expected from
(60), which justifies the definition of the matrix-variate Mellin
convolution. Assume that all MLMs and MLCs of U, V, and X
exist, as given in Definitions 3 and 5. It follows from Theorem
1 that
φX (s) = φU (s) · φV (s)

(67)

ϕX (s) = ϕU (s) + ϕV (s)

(68)

κν {X} = κν {U} + κν {V}.

(69)

in the matrix-variate case.
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Example (Multilook Polarimetric Product Model): We now
return to the multilook polarimetric product model for the
observable covariance matrix C. The model can be written as
C = TW̃ with T = T Id , where T is the texture RV and Id
is the d × d identity matrix. We note that the matrix T contains
only one functionally independent element, namely, T . Without
entering the stringent argument in terms of differential calculus,
we state that

|T|s−d pT (T)dT
φT (s) =
Ω+
∞

(70)

0

where we have used |T| = T d . It follows that
∞

[d(s − d)]ν

φT (s) =

We finally note that sample MLMs, denoted μν {C}, are
calculated with the simple sample mean estimator
μν {C} =

N
1 
(ln |Ci |)ν
N i=1

(82)

given a sample of N covariance matrices C = {Ci }N
i=1 . Sample
MLCs κν {C} are obtained from (75) by combining sample
MLMs instead of theoretical MLMs.
IV. A PPLICATIONS

td(s−d) pT (t)dt

=

9

ν=0

ν!

μν {T }

= φT (d(s − d) + 1)

(71)

In this section, we discuss application of matrix-variate
MKS. Before presenting specific examples of MoMLC algorithms for parameter estimation and demonstrating their effectiveness, we introduce the MLC diagram. The MLC diagram is
not an application in its own right but serves as a visualization
tool which efficiently explains some uses of MKS and provides
intuition about the MoMLC. It is a straightforward extension
of the log-cumulant diagrams used by Nicolas [4], [5] for
univariate MKS.

which leads to
φC (s) = φT (d(s − d) + 1) · φW̃ (s)

(72)

by virtue of (67).
Equation (70) further implies
μν {T} =

dν
φT (s)
dsν

= dν μν {T }.

(73)

s=d

Faá di Bruno’s formula is then used to prove
κν {T} = dν κν {T }

(74)

and the matrix-variate version of the formula yields the MLCs
of C as

ν−1 

ν−1
κν {C} = μν {C} −
(75)
κi {C}μν−i {C}.
i−1
i=1
The first MLCs are expressed as
κ1 {C} = μ1 {C}

(76)

κ2 {C} = μ2 {C} − μ21 {C}

(77)

κ3 {C} = μ3 {C} − 3μ1 {C}μ2 {C} + 2μ31 {C}.

(78)

We use C = TW̃ and (69) to prove that
κν {C} = κν {W̃} + dν κν {T }.

(79)

After inserting the κν {W̃} from (47), the MLCs of C evaluate
under the product model to
(0)

κ1 {C} = ψd (L) + ln |Σ| − d (ln L − κ1 {T })
(ν−1)

κν {C} = ψd

(L) + dν κν {T },

ν>1

(80)
(81)

for a general texture variable with unspecified distribution. To
obtain the MLCs of a specific distribution, the texture variable
log-cumulants κν {T }, such as those listed in Table II, must be
inserted.

A. Matrix Log-Cumulant Diagrams
The MLC diagram generally displays a q-dimensional space
where each dimension represents one particular MLC with
unique order ν. Let ν1 , . . . , νq be the orders of the chosen
MLCs. In this MLC space, we plot: i) The manifolds spanned
by the theoretical MLCs that can be attained under given models; and ii) points that represent the empirical sample MLCs
computed from data samples.
Define ϑ as the vector that contains all texture parameters
of a certain distribution model. Thus, ϑK = [α], ϑG 0 = [λ] and
ϑU = [ξ, ζ]T are the respective texture parameter vectors of the
K, G 0 and U distribution. Assume that the parameters L and Σ
are fixed, such that the theoretical MLCs only vary through ϑ.
The MLC space manifold spanned by a general model is
denoted


(83)
M(ϑ) = κν1 (ϑ), κν2 (ϑ), . . . , κνq (ϑ)
where we have changed the notation of the theoretical νth-order
MLC from κν {C} to κν (ϑ) to emphasize that the points that
constitute the manifold are functions of ϑ. The dimension of
the manifold M(ϑ) is the same as the dimension of the vector
ϑ, that is, the number of texture parameters. We next define the
vector of sample MLCs as



(84)
κ(C) = κν1 (C) , . . . , κνq (C)
and note that the sample MLCs have also been given a new
notation κν (C) to stress that they are computed from the data
sample C.
Like Nicolas [4], [5], we concentrate on diagrams that
plot the third-order log-cumulant against the second-order
log-cumulant. We have shown that under the polarimetric product model, MLCs of order two and higher are independent
of the scale matrix Σ. Assuming that the equivalent number
of looks L is a global constant for the data set, this diagram
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Fig. 5. Matrix log-cumulant diagram showing the manifolds of theoretical
MLCs for the complex Wishart, K, G 0 and U distribution, as well as a
collection of sample MLCs representing forest (green), ocean (blue), urban area
(magenta), and a wheat crop (cyan).

is of particular interest since it displays the solitary impact
of the texture parameters upon the models. Therefore, it also
provides valuable insight about how the texture parameters can
be estimated.
As seen in Fig. 5, the manifolds of our selected distribution
models have different dimensions. The Wishart distribution has
no texture parameters and is therefore represented by a point
(black circle), which can be viewed as a zero-dimensional manifold. The texture of the K and G 0 distribution is parameterized
by one parameter, thus they are represented by a curve (red and
blue, respectively) which is a 1-D manifold. The U distribution
has two texture parameters and is represented by a surface
(yellow area), which is a 2-D manifold. This is valid also when
plotting higher dimensional tuples of MLCs, that is, for MLC
spaces with dimension higher than two. The dashed coordinates
are centered at the point which represents the Wishart distri(2)
(1)
bution, more specifically at [κ3 , κ2 ] = [ψd (L), ψd (L)]. The
impact of nonzero texture on the MLCs is measured relative to
these axes.
Given a sample C = {Ci }N
i=1 of covariance matrices, we can
compute the sample MLCs of order ν1 , . . . , νq and plot them
as a point in MLC space. This has been done in Fig. 5 for
one forest sample (shown as green points) and one wheat crop
sample (cyan) taken from a polarimetric NASA/JPL AIRSAR
C-band image of Flevoland, The Netherlands. We have also
plotted sample MLCs computed from an ocean sample (blue)
and an urban area sample (magenta) extracted from an image
of San Francisco, United States, captured by the same sensor.
Both images are from 1989. Multiple points have been obtained
for each class by bootstrap sampling [42] of C.
MoMLC parameter estimation can now be visualized as a
projection of the sample MLCs onto the manifolds representing the models. The manifolds are functions of the texture
parameters, and the parameter values at the projection point
are assigned as an estimate. An estimator based on a single
νth-order MLC relies on a projection in the direction normal
to the corresponding coordinate. This is illustrated in Fig. 6,
displaying estimators for the K distribution texture parameter

IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING

Fig. 6. MLC space interpretation of three estimators of the K distribution
texture parameter α. The first estimator is based on κ2 {C}, the other is based
on κ3 {C}, and the third is based on both.

α based on the point ( κ3 (C), κ2 (C)) in MLC space, which
is shown as the black symbol “×”. The estimators denoted
α̂( κ2 ) and α̂( κ3 ) are based on the second- and thirdorder MLC equation, respectively. The dashed arrows visualize their projection of the sample MLC point onto the red
curve representing the K distribution. Note that an estimator
requires at least as many sample MLCs as the number of
texture parameters to be estimated. For instance, the K and G0
distribution require one, while the U distribution requires two
sample MLCs. The estimators α̂( κ2 ) and α̂( κ3 ) use exactly
the required number.
As indicated, it is possible to design an estimator which is
based on more sample MLCs than there are texture parameters,
which implies that more information about ϑ is extracted and C
is utilized more efficiently. One way to combine the information
contained in multiple sample MLCs is to derive a squared
Mahalanobis distance (d2M ) between the sample MLC point
and the points on the model manifold. The estimation problem
then reduces to a minimisation of the distance measure with
respect to ϑ. To find an expression for d2M , we must derive the
(approximate) mean values and covariance matrix of the sample
MLCs.
The minimum of d2M defines a new projection of the sample
MLC point onto the model manifold, as illustrated by the solid
arrow in Fig. 6. The sample MLC point is projected onto
the point on the K distribution curve that minimizes d2M , and
the associated value of α defines the estimate α̂( κ2 , κ3 ).
We can see this estimate as a weighted mean of α̂( κ2 )
and α̂( κ3 ). The information content of an individual sample
MLC is proportional to its precision (i.e., inverse variance) and
determines its contribution to the overall estimate. The shape
of the sample MLC clusters in Fig. 5 shows that the sample
variance increases with MLC order, as expected.
A detailed derivation of the Mahalanobis distance is given in
[43], where we also discuss the coupling of the estimation problem and the problem of measuring goodness-of-fit (GoF) for
distribution models. The geometrical interpretation of distances
in MLC space in terms of model fit is intuitive. We also find
it much easier to observe deviations between data and model
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in MLC space than by comparing data histograms with model
densities, which is the alternative normally resorted to in the
literature. This point is highlighted in [39]. In [43] we derive
the sample distribution of d2M , such that formal GoF testing can
be performed, which conforms with visual inspection of model
fit in the MLC diagram.
B. Parameter Estimation
In this section, we discuss MKS-based estimation algorithms
for parameters of the distributions presented in Table I.
1) Equivalent Number of Looks: The equivalent number of
looks L can be estimated from the first-order MLC equation
of the complex Wishart distribution. This yields the maximum
likelihood solution proposed in [38], [44]
(0)

ψd (L̂) − d ln L̂ = κ1 {C} − ln |Σ|

(85)

11

which can be solved for α̂F . This method provides one estimate
per polarimetric channel. The final estimate is an average of the
mono-pol estimates.
Averaging over mono-pol estimates can also be carried out
for the mono-pol version of α̂A1 (i.e., with d = 1), which is the
estimator derived by Nicolas from univariate MKS [4], [5]. We
denote this estimator as α̂N and include it in the comparison
in order to quantify the gain of using the full polarimetric
information contained in C with respect to the information
contained in intensity channels only. On a historic note, we
remark that the mono-pol MKS-based estimator of Nicolas was
proposed earlier by Kreithen and Hogan [47] and Blacknell
[48], although without relating it to Mellin transform theory.
The final estimator we present is the one we have proposed
in [43] based on multiple MLCs, as discussed in Section IV-A.
It is defined as
α̂A2 = arg min d2M

(90)

α

where we must insert the first-order sample MLC and an
estimate of Σ before solving for L by numerical methods. We
use the maximum likelihood estimate of Σ, which is the sample
mean of C in the complex Wishart case.
In principle, we can also solve for L from the MLC equations
of the product model in (11) and avoid the Wishart constraint.
However, these MLC equations contain texture parameters
already from the first order, and all unknown parameters must
therefore be estimated jointly from a system of equations.
Higher order MLCs can also be used to improve the estimator in
(85). None of these approaches have been attempted in practice.
In the following, we shall assume that an estimate of L has
been provided and treat it as a known constant.
2) Matrix-Variate K Distribution: Under this distribution,
the texture parameter α is related to the second-order MLC
through
(1)

κ2 {C} = d2 ψ (1) (α) + ψd (L)

(86)

and the estimate α̂A1 is obtained by solving
(1)

ψ (1) (α̂A1 ) =

κ2 {C} − ψd (L)
.
d2

(87)

Alternative estimators are proposed in Frery et al. [45] and
Doulgeris et al. [46], where the former is just a mono-pol
version of the latter. Doulgeris’ estimator is
α̂D =
−1

d(Ld + 1)
 }−d
LVar{τ

(88)

where τ = tr(Σ̂ C). The derivation is shown in Appendix B.
Another approach taken by Freitas and Frery et al. [2], [45] is
to derive estimators from fractional moments of the mono-pol
intensity C. By combining the half- and quarter-order moments,
they found that
 1 2




C4
Γ2 L + 14
Γ2 α̂F + 14



 = 0 (89)


−
1
Γ(α̂F )Γ α̂F + 12 Γ(L)Γ L + 12
C2

where the squared Mahalanobis distance
d2M = ( κ − κ)T K−1 ( κ − κ)

(91)

contains the sample MLC vector κ = [ κ2 , κ3 ]T , its mean
vector κ = E{ κ} = [κ2 , κ3 ]T , and the covariance matrix
K = Cov { κ}

κ4 + 2κ22
=
κ5 + 6κ2 κ3


κ5 + 6κ2 κ3
. (92)
κ6 + 9κ2 κ4 + 9κ23 + 6κ32

The sample MLCs are fixed after a data sample is collected,
and the minimization is performed by varying κ and K that
both depend on α through the theoretical MLCs.
Figs. 7 and 8 show bias and variance of all estimators, obtained from Monte Carlo simulations with L = 10 and α = 10.
They clearly show that the estimators based on the full polarimetric covariance matrix (α̂A1 , α̂D and α̂A2 ) outperform those
based on intensities only (α̂N and α̂F ), both in terms of bias
and variance. From the latter group, α̂F ranks slightly better
than α̂N . For the truly polarimetric estimators, we see that α̂A2
has the superior bias properties, while the bias of α̂A1 and α̂D
is very similar. Estimator α̂A2 is best also when it comes to
variance but is approached by α̂A1 as the sample size increases.
The behavior observed in Figs. 7 and 8 is representative not
only for the chosen parameter values but for the parameter
space as a whole. This also applies to the simulations reported
in the next sections for other distributions.
3) Matrix-Variate G 0 Distribution: For this distribution
with texture parameter λ, the second-order MLC is
(1)

κ2 {C} = d2 ψ (1) (λ) + ψd (L)

(93)

which leads to an estimator λ̂A1 by solving
(1)

ψ (1) (λ̂A1 ) =

κ2 {C} − ψd (L)
d2

(94)

that is identical to α̂A1 . The method of Doulgeris, derived in
Appendix B, yields
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Fig. 7. Bias of estimators for the K distribution texture parameter α as
function of sample size N .

Fig. 8. Variance of estimators for the K distribution texture parameter α as
function of sample size N .

λ̂D =

 } + d(Ld − 1)
2LVar{τ
 }−d
LVar{τ

(95)

while the fractional moment estimator is an average of the
mono-pol estimates defined as the solution of


 1 2


Γ2 λ̂F − 14
C4
Γ2 L + 14



 = 0. (96)


−
1
1
C2
Γ(λ̂F )Γ λ̂F − 1 Γ(L)Γ L + 2
2

In addition, an estimator λ̂N is obtained by averaging the monopol estimates produced by λ̂A1 for d = 1, while λ̂A2 is defined
in the same way as α̂A2 , as given by (90).
We have performed Monte Carlo simulations for the estimators of λ with G 0 distributed data parameterized by L = 10 and
λ = 10. The bias and variance results in Figs. 9 and 10 are
very similar to those reported for the estimators of α. The main
difference is that λˆD , which does not use MKS, is superseded
in terms of variance by the MKS estimators based on intensities
only, λ̂N and λ̂F , for N > 200. The preferred estimator is

Fig. 9.

Fig. 10.

Bias of estimators for the G 0 distribution texture parameter λ.

Variance of estimators for the G 0 distribution texture parameter λ.

λ̂A2 , due to its superior bias and variance. Estimator λ̂A1 has a
comparably low variance for N > 100, which makes it a good
alternative, due to a slightly lower complexity. Note that the
variance of estimators λ̂A1 and λ̂A2 are largely coincident in
the upper range of sample sizes and can therefore be difficult to
distinguish in Fig. 10.
4) U Distribution: This distribution has two texture parameters, ξ and ζ. The estimation procedure therefore requires two
MLC equations


(1)
(97)
κ2 {C} = d2 ψ (1) (ξ) + ψ (1) (ζ) + ψd (L)


(2)
κ3 {C} = d3 ψ (2) (ξ) − ψ (2) (ζ) + ψd (L)
(98)
from which we can jointly determine the estimates ξˆA1 and ζ̂A1
by solving the equation system
(1)

κ2 {C} − ψd (L)
ψ (1) (ξˆA1 ) + ψ (1) (ζ̂A1 ) =
d2

(99)

(2)

κ3 {C} − ψd (L)
.
ψ (2) (ξˆA1 ) − ψ (2) (ζ̂A1 ) =
d3

(100)
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The alternative estimators are ξˆN and ζ̂N , that is, the averaged
mono-pol estimates obtained from ξˆA1 and ζ̂A1 with d = 1.
These have been implemented by the authors of [49].
The results for the U distribution estimators are similar to
those reported for the K and G 0 distributions, and are therefore
omitted.
V. C ONCLUSION
We have used a matrix-variate Mellin transform previously
introduced by Mathai to extend the framework that we call
Mellin kind statistics from the univariate to the matrix-variate
case describing multilook polarimetric radar data. We have
further defined the Mellin kind characteristic function and cumulant generating function for the matrix-variate case, and used
them to define matrix log-moments and matrix log-cumulants.
We have then proven the matrix-variate Mellin convolution
theorem and used it to develop expressions for Mellin kind
statistics of the multilook polarimetric product model. Specific
expressions for important distributions, such as the matrixvariate K distribution, G 0 distribution, and U distribution, have
been given.
Mellin kind moments and cumulants are computed on a logarithmic scale, and the impact of speckle and texture therefore
can be separated in the matrix-variate log-cumulant domain,
which provides a valuable analysis tool for the doubly stochastic product model. Simulations have demonstrated the superior
bias and variance properties possessed by estimators derived
with the method of matrix log-cumulants. We have also used
matrix log-cumulant space as a visualization tool to provide
intuition about estimation algorithms and model assessment
that uses Mellin kind statistics. The mathematical tractability
and the simplicity of the obtained expressions show, together
with the excellent estimator properties documented, that the
matrix-variate Mellin transform is a natural tool for analysis of
multilook polarimetric radar data.

M ELLIN K IND S TATISTICS FOR THE C OMPLEX W ISHART
D ISTRIBUTION
C
Let W ∼ W (L, Σ) follow the complex Wishart distrid

bution given in (7). The matrix-valued Mellin transform of
pW (W; L, Σ), and hence the Mellin kind CF of the random
matrix W is then

=
|W|s−d pW (W)dW
Ω+

φW (s) = M {pW (W)} (s)
=

= ln Γd (L+s−d)−ln Γd (L)+(s−d) ln |Σ|.

(102)

We shall use the result

d−1

d
d
Γd (L) =
π d(d−1)/2
Γ(L − i)
dL
dL
i=0
⎛
⎞
d−1
d−1


⎜ d
⎟
Γ(L − j)⎠
= π d(d−1)/2
⎝ Γ(L − i)
dL
j=0
i=0
j=i

= π d(d−1)/2

d−1


Γ(L − j)

j=0

d−1


ψ (0) (L − i)

i=0

(0)

= Γd (L)ψd (L)

(103)

which is obtained by straightforward application of the product
rule of differentiation. We have also utilized the well-known
relation
d
Γ(L) = Γ(L)ψ (0) (L)
dL

(104)

and the multivariate polygamma function introduced in (45).
Remark that (103) is a multivariate version of (104). We also
need the result
d (ν)
(ν+1)
ψ (L) = ψd
(L)
dL d

(105)

whose proof is trivial.
Equations (103) and (105) are used to deduce the derivatives
(ν)
of ϕW (s), denoted as ϕW (s) = (dν /dsν )ϕW (s). The MLCs
(ν)
can then be written as κν {W} = ϕW (d). By repeated differentiation of (102) and induction, we find that
(0)

κ1 {W} = ψd (L) + ln |Σ|
κν {W} = ψd

(L),

ν > 1.

(106)
(107)

Let X be a d × d complex positive definite matrix and A
an equal-size real constant matrix. The scaling property of the
matrix-variate MT
M {f (AX)} (s) = |A|−s M {f (X)} (s)

(108)

is easily verified by evaluating the integral with a simple
substitution of variables. For A = aId with a real and positive
scalar constant a, we get M{f (aX)}(s) = a−ds M{f (X)}(s).
This is used to show that
2

Γd (L + s − d) |Σ|L+s−d
Γd (L)
|Σ|L

×
pW (W; L + s − d, Σ)dW
Γd (L + s − d)
|Σ|s−d .
Γd (L)

ϕW (s) = ln φW (s)

M pW̃ (W̃) (s) = Ld M pW (LW̃) (s)
= L−d(s−d) M {pW (W)} (s).

(109)

Recall the definition of W̃ = W/L, which gives

Ω+

=

Accordingly, the Mellin kind CGF is

(ν−1)
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(101)

φW̃ (s) = L−d(s−d) φW (s)
s−d

Γd (L + s − d) |Σ|
.
=
Γd (L)
Ld

(110)
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This is used to show that
ϕW̃ (s) = ϕW (s) − (s − d)d ln L

(111)

and the MLCs of W̃ follow immediately as given in (47).
A PPENDIX B
D OULGERIS ’ PARAMETER E STIMATORS
Doulgeris et al. [46] derived their estimator for the texture
parameter of the matrix-variate K distribution from moments
of the Hotelling–Lawley trace. This is an important test statistic
in multivariate statistics, defined as
τ = tr(Σ−1 C).

(112)

It is easily shown that E{τ } = d, and the variance of τ is


d
2
2
Var{τ } = E{T } d +
(113)
− d2 .
L
Given a choice of the texture RV T , we may solve for the
texture parameter to obtain an estimator. For instance, with T ∼
γ̄(α) we have E{T 2 } = (α + 1)/α, which yields the following
estimator for the K distribution parameter α:
α̂D =

d(Ld + 1)
.
 }−d
LVar{τ

(114)

This estimator was given in [46]. The variance of τ is estimated with a standard variance estimator from a population of
Hotelling–Lawley traces, {τi = tr(Σ−1 Ci )}N
i=1 .
When T ∼ γ̄ −1 (λ), we have E{T 2 } = (λ − 1)/(λ − 2)
which is used to derive
λ̂D =

 } + d(Ld − 1)
2LVar{τ
 }−d
LVar{τ

(115)

for the G 0 distribution parameter λ. The method is not pursued
for the U distribution, since it would require derivation of higher
moments of τ to solve for both texture parameters.
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