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ABSTRACT
A statistical model for multilook polarimetric radar data is
presented where the polarimetric channels are associated with
individual texture variables having potentially different statistical properties. The feasibility of producing closed form
probability density functions under certain restrictions is outlined. Mellin kind statistics are derived under various assumptions on the texture variables, and the potential for model fit
assessment and hypothesis testing in the Mellin domain is
demonstrated. Application to real data proves the usefulness
of the analytic approach.
Index Terms— Radar polarimetry, synthetic aperture
radar, probability density functions, texture modeling

spectively. In the multitexture statistical model we have
s = T1/2 x

(1)

where T = diag{Thh , Thv , Tvh , Tvv } is a diagonal matrix
containing the texture variables associated with the respective
polarimetric channels, and x is a zero mean, circular complex
Gaussian vector variable, representing speckle [3]. Hence, the
covariance of s, conditioned on the texture matrix T , is
Σs |T = T1/2 Σx T1/2

(2)

with Σx being the covariance of x. It is well-known that the
probability density function (pdf) of the sample covariance
matrix for a Gaussian vector follows the scaled Wishart distribution [4]. Let the sample covariance of x be given by
L

W=

1. INTRODUCTION
Knowledge of the exact statistical properties of polarimetric
synthetic aperture radar (SAR) data forms the basis for image
analysis techniques such as segmentation and land cover classification (e.g. [1]). In the literature, Gaussian signal statistics
is often taken as the default hypothesis. Analysis of real SAR
images reveals that non-Gaussian models give better representation of the data, implying that processing algorithms
based on such models should improve performance.
The multivariate product model has been widely used in
non-Gaussian modeling, processing, and analysis of polarimetric SAR images [1,2]. This model states that the backscattered signal results as the product between a Gaussian speckle
noise vector component and a random scalar texture component. Hence, the assumption is that the texture has the same
statistical distribution and is fully correlated in all polarimetric channels. This assumption has to some extent been disputed due to the fact that in e.g. scattering from forested areas, volume scattering will effect the cross-polarization component stronger than the co-polarization channels, whereas
surface scattering will have the opposite effect. The volume
and surface scattering mechanisms may have different texture
properties because of their physically distinct origins.
In this paper we examine an extended multivariate product model, in which each polarimetric channel may be characterized by an individual random texture variable. Let the
scattering vector be given as s = [Shh Shv Svh Svv ]T , where
the indices refer to the transmit and receive polarization, re-

1X
x xH
L i=1 i i

(3)

where (·)H denotes Hermitian transpose. Its pdf becomes
fW (W; L, Σx ) =

LLd |W|L−d
etr(−LΣ−1
x W)
Γd (L) |Σx |L

(4)

where d = 4, | · | is a determinant, etr(·) is the exponential
trace operator, and Γd (L) is the multivariate gamma function
of the complex kind. Furthermore, if texture can be assumed
constant on the scale of the multilook window, the sample
covariance matrix of s becomes
L

C=

1X H
s s = T1/2 WT1/2 .
L i=1 i i

(5)

Hence, the pdf of C, given T, is readily obtained from (4) as
fC|T (C|T; L, Σx )
= fW (T−1/2 CT−1/2 ; L, Σx ) · |JW→C |
LLd |C|L−d
−1/2
=
etr(−LΣ−1
CT−1/2 )
x T
Γd (L) |T|L |Σx |L

(6)

where JW→C is the Jacobian of the transformation from W
to C. The marginal distribution for C is obtained by integrating over the pdf of T, i.e.
Z
fC (C; L, Σx ) = fC|T (C|T; L, Σx )fT (T)dT . (7)
We will here present both theoretical and practical aspects associated with of above described model, and discuss its significances in the analysis of multipolarimetric SAR data.

3. MELLIN KIND STATISTICS

2. MULTITEXTURE PDF UNDER RECIPROCITY
AND REFLECTION SYMMETRY
The four-by-four covariance matrix describes the polarimetric backscattering properties of all kinds of targets. For reciprocal media the relation Shv = Svh reduces the covariance
matrix to a three-by-three matrix of the form
√


2σhhhv √σhhvv
√σhhhh
∗
(8)
Σs =  2σhhhv
2σhvvv 
√2σhvhv
∗
∗
σhhvv
2σhvvv
σvvvv
√
where the factor 2 secures matrix span invariance. Hence,
the multitexture is represented by a three-by-three diagonal
matrix, with T = diag{Thh , Thv , Tvv }. If we assume reflection symmetry, then (8) simplifies to


σhhhh
0
σhhvv
2σhvhv
0 
Σs =  0
(9)
∗
σhhvv
0
σvvvv
1

1

where it is noted that Σs = ET {T 2 Σx T 2 }, where ET {·}
denotes expectation with regard to the texture matrix variable
T, and Σx has the same structure as Σs . The inverse matrix
Σ−1
x will have the same zero elements as Σx . Let qi,j and ci,j
denote entry (i, j) of Σ−1
x and the sample covariance matrix
C, respectively. Eq. (6) then takes the form
3L

The Mellin kind statistics (MKS) of the multitexture product
model are derived in this section. MKS is a theoretical framework for statistical analysis of single polarization amplitude
and intensity radar data proposed by Nicolas [5] and extended
to multilook polarimetric radar data in [4].
1
1
Recall the multitexture model from (5) as C = T 2 WT 2 .
The Mellin kind characteristic function (cf) of C is defined
as the matrix-variate Mellin transform of fC (C): φC (s) =
M{fC (C)}(s) = E{|C|s−d } [4]. For the matrix product
above, it is known that the Mellin kind cf becomes [4]
φC (s) = φT (s) · φW (s)

(12)

which shows that the Mellin kind cf decomposes into a product of the texture and the speckle contribution. The contribution of the scaled Wishart matrix, W, was derived in [4]
as

s−d
Γd (L + s − d) |Σ|
(13)
φW (s) =
Γd (L)
Ld
and can thus be removed to isolate the texture part. By definition, the Mellin kind cf of T is
φT (s) = E{|T|s−d }

(14)

L−3

L
|C|
1
fC|T (C|T; L, Σx ) =
Γ3 (L) |Σx |L Thh Thv Tvv
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+
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(10)

We further make the assumption that the texture components
Thh and Tvv are equal. Then the distribution of the sample covariance matrix C under the assumption of monostatic radar
geometry, reciprocity and reflection symmetry becomes
L3L |C|L−3
fC (C; L, Σx , θ) =
Γ3 (L) |Σx |L
 

Z
q11 c11 + q13 c31 + q31 c13 + q33 c33
× exp −L
Thh
(11)
fThh (Thh ; θ hh )
×
dThh
2L
Thh



Z
fThv (Thv ; θ hv )
q22 c22
dThv
× exp −L
L
Thv
Thv
where fThh (Thh ; θ hh ) and fThv (Thv ; θ hv ) denote the pdfs of
Thh and Thv , with respective texture parameter vectors, θ hh
and θ hv , gathered in θ = [θ Thh ; θ Thv ]T . The model proposed
in Eq. (11) gives the freedom to assume different texture distributions for the co- and cross-polarimetric channels. The
integrals can be evaluated in closed form for all recently introduced texture models like the gamma, inverse gamma, inverse
Gaussian, and Fisher distributions, to name a few.

and since T is diagonal it follows that
( d
)
Y
s−d
φT (s) = E
Ti
.

(15)

i=1

This is the general case, before any assumptions have been
made about the correlation between the texture variables.
Let the matrix log-moment (MLM) or order ν be defined
as the logarithmic moment of the matrix determinant:
µν {C} = E{(log |C|)ν } .

(16)

Matrix log-cumulants (MLC) of order ν, denoted κν {C}, are
then defined through the well-known relations between moments and cumulants [6, ch.3]:
κ1

=

µ1

(17a)

κ2

=

µ2 − µ21

(17b)

κ3

=

µ3 − 3µ2 µ1 + 2µ31

=

3µ22

κ4

µ4 − 4µ3 µ1 −

(17c)
+

12µ2 µ21

−

6µ41

(17d)

The reference to the matrix C is dropped in the above equations since the relations are general and valid for moments
and cumulants of all sorts of random variates. The sample
MLMs of order ν are computed from
n

hµν {C}i =

1X
(log |C|)ν
n i=1

(18)

and can be combined into unique symmetric unbiased estimators of the population MLCs, known as k-statistics and denoted hκν {C}i, by relations given in [6, ch.12]. The population MLCs can be retrieved from the Mellin kind cf by
κν {C} =

dν
log φC (s)
dsν

.

(19)

s=d

and the MLCs

In the following, let Tx ⊥ Ty denote that texture variables
Tx and Ty are statistically independent, and let Tx k Ty denote that they are totally correlated, that is, identical. The hh
and vv channels are referred to as the co-polarization (co-pol)
channels and the hv and vh channels as the cross-polarization
(cross-pol) channels. Further, let the complete set of polarimetric channels available be denoted by P, the subset of copol channels by Pco , and the subset of cross-pol channels by
Px . The respective sizes of these sets are denoted d, dco , and
dx . Now consider the Mellin kind cf under particular sets of
assumptions.
Case (i): Thh ⊥ Thv ⊥ Tvh ⊥ Tvv (all texture variables
mutually independent). When the texture variables for all polarizations are statistically independent, (15) simplifies to
Y 
Y
φT (s) =
E Tis−d =
φTi (s − d + 1)
(20)
i∈P

i∈P

where P = {hh, hv, vh, vv} and d = 4 when full-polarimetric
data are recorded. The MLCs in this case evaluate to
X
κν {C} = κν {W} +
κν {Ti } .
(21)
i∈P

Case (ii): Thh k Tvv , Thv k Tvh , Thh ⊥ Thv , Tvv ⊥ Tvh
(co-pol and cross-pol texture variables mutually independent;
full correlation within co-pol and cross-pol texture variables).
In this special case, the co-pol texture variables are identical,
the cross-pol texture variables are identical, and the co-pol
texture variable is totally decoupled from the cross-pol texture
variable due to statistical independence. Therefore, the copol and cross-pol contributions to φT (s) can be separated as
a product.
( d
) ( d
)
co
x
Y
Y
s−dco
s−dx
φT (s) = E
Ti
E
Ti
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n
o n
o
dco (s−dco )
= E Tco
E Txdx (s−dx )

(22)

= φTco (dco (s − dco ) + 1) · φTx (dx (s − dx ) + 1)
where the common co-pol texture variable and the common
cross-pol texture variable variable are denoted Tco and Tx ,
respectively. This property translates to an additive decomposition of their MLCs.
κν {C} = κν {W} +

dνco

κν {Tco } +

dνx κν {Tx }

model, where the texture variables are identical for all polarizations, denoted as T . The Mellin kind cf is known as [4]
n
o
φT (s) = E T d(s−d)
(24)

= φT d(s − d) + 1

κν {C} = κν {W} + dν κν {T } .

In order to compare the results obtained in the different
special cases, it is useful to isolate κν {T}. The texture variables are not directly observable, but their contribution to the
MLCs can be measured by removing the theoretical speckle
contribution through
hκν {T}i = hκν {C}i − κν {W} .

(26)

The alternative models can be summarized as

d

X


κν {Ti }
: case (i)

i=1
κν {T} =

dνco κν {Tco } + dνx κν {Tx } : case (ii)



dν κ {T }
: case (iii)
ν

(27)

The special cases discussed above only treat full correlation or statistical independence (no correlation) between the
texture variables. In reality, it would be expected to find intermediate levels of correlation. It can be observed from (27)
that the effect of correlation is to increase the degree of texture. Assume that all texture variable have the same distribution and then compare all cases. It is then seen that the MLC
magnitude increases from case (i) through case (ii) to case
(iii): d|κν {T}| < (dνco + dνx )|κν {T}| < dν |κν {T}|. This is
intuitively correct, since the effect or correlation is to align the
contribution of the correlated variables, such that their combined impact becomes more extreme.
4. RESULTS: HYPOTHESIS TESTING
The MKS framework provides tools suitable for selection of
the appropriate texture model for a particular image data set.
Specifically, the goodness-of-fit (GoF) testing described in
[7] can be used to develop hypothesis tests based on logcumulants of multiple orders, given the measured sample logcumulants, the estimated model parameters, and the sample
size. Fig. 1 illustrates how the testing proceeds.
case (iii)
case (ii)

(23)

Case (iii): Thh k Thv k Tvh k Tvv (all texture variables
fully correlated). This case is equivalent to the scalar product

(25)
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T
Tco
Thh

Tvv

Tx
Thv

Fig. 1. Hypothesis test scheme
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Fig. 2. Log-cumulant diagram with evidence of scalar texture
for a forest segment in a PALSAR image from the Amazon.

co−pol test
x−pol test
scalar test

K G0
W
−0.3

−0.2

−0.1

κ3

0

0.1

0.2

Fig. 3. Log-cumulant diagram with evidence of multitexture
for a sea ice segment in a PALSAR image from Spitsbergen.
5. CONCLUSIONS

Three tests are sufficient to distinguish the three cases described in Section 3. First test all four channels combined
for a common scalar texture variable, referred to as the scalar
test. If the test passes, we have case (iii), the traditional scalar
texture model. Otherwise, test both the co-pol channels for
a common texture variable and the cross-pol channels for a
common texture variable. If these tests pass, we have case
(ii). Otherwise, we have case (i), with independent texture
variables for all channels.

A multitexture model for PolSAR data has been developed,
including model density functions, log-cumulant expressions
and hypothesis test validation. Preliminary results on several distinctly different PolSAR scenes indicate that the scalar
product model is often valid, and otherwise the co-pol/crosspol paired case (ii) is common. Care must be taken to avoid
class boundaries when sampling images, as the theoretical
framework is based upon pure classes and mixtures always
result in exaggerated and often multiple textures.

All tests are performed in the same fashion; To test if the
texture variables associated with data partition A and B can
be merged into a texture variable corresponding to the pooled
data, C = A ∪ B, we compute the second and third-order
sample log-cumulants, κ2 and κ3 , of all data partitions. Each
texture variable is then associated with a point in the κ3 /κ2 plane [4, 7], which is the space shown in Figs. 2 and 3. A
χ2 -distributed GoF test statistic from [7] defines a distance
measure in the κ3 /κ2 -plane, which we use to find the probability of the (κ3 , κ2 ) values associated with A and B being
realizations of a merged texture variable, characterized by the
(κ3 , κ2 ) value associated with C.
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