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Abstract. A general compound statistical model for coherent imaging is

developed and tested on single-channel Synthetic Aperture Radar (SAR)
data. In this formulation, coherent scattering is taken into consideration
and the texture is modeled using an Inverse Gaussian distribution. Parameter estimation is conducted via an Expectation Maximization (EM)
scheme. A Maximum a Posteriori (MAP) speckle lter based on this
model is also implemented. The lter shows good smoothing capabilities
and preserves details in the selected scene, showing promise for targetdetection applications.
Keywords: speckle, compound statistical model, Inverse Gaussian, MAP

lter
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Introduction

Coherent imaging systems such as radar, Synthetic Aperture Radar (SAR)/
Polarimetric Synthetic Aperture Radar (PolSAR), or medical ultrasound are
subject to the eects of wave interference, which produces a granular texture
called speckle in the image. Speckle is seen primarly as a type of noise that
corrupts images and reduces the visibility of structures of interest. Moreover,
being a type of multiplicative noise, it is especially dicult to remove. A number
of strategies for despeckling lters have been implemented, mostly relying on
statistical properties of the pixel values, thus including structural properties of
the observed noisy image in the ltering mechanism. A comparative review of
some of these techniques, including a MAP-type example, is presented in [1].
In SAR imaging, the received signal is complex and its amplitudes or intensities are often used for visual representation. The real and imaginary parts of the
signal are considered as resulting from a random walk, which allows them to be
modeled as random variables with distributions developed for dierent scattering regimes, depending on the characteristics of the imaged medium and system
resolution. The simplest case to model is that of a random walk with a large
number of steps, producing what is called fully developed speckle. The real and
imaginary parts then follow a Gaussian distribution with zero mean and xed
variance, their amplitudes are Rayleigh distributed, and the intensities (squared
amplitudes) are Chi-squared distributed. If a constant (coherent) component is
added to the fully developed speckle, the mean of the Gaussian will be non-zero,
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the resulting signal amplitudes become Rice distributed, and the intensities Noncentral Chi-squared distributed. If the texture of the imaged object is taken into
account as also varying, then this will result in a modulation of the mean and
variance of the Gaussian by another random variable and the resulting model
will be compound. Two examples of distributions often used for the texture are
the Gamma and the Inverse Gaussian [2]. When the Gamma distribution is used,
the K-distributions are derived. When the Inverse Gaussian is used, the Normal
Inverse-Gaussian distribution is derived for the real and imaginary parts [3] and
the Rician-Inverse Gaussian for the amplitudes [2].
We present a modied version of the model described in [2], in part because
of the interesting ltering properties presented in [4]. Our primary purpose is to
develop and implement a general model that can t SAR data in any scattering
conditions. A correct t implies correct and robust parameter estimation, which
can be challenging as the number of model parameters increases. Here, we use
an EM-based estimator, as it fullls the mentioned requirements. Moreover, due
to the model formulation, one of the parameters is estimated directly from the
data mean, thus requiring no further optimization. We also derive a closed-form
MAP lter that uses this model to deliver an estimate of the texture values.
The model derivation, the estimator, and the MAP lter are described in the
following sections. An example of tting and ltering applied on SAR data is
also presented. At the end, we summarize the results and discuss other possible
applications.
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Model Derivation

The complex backscattered eld has the form:
(1)
where the real and imaginary parts X and Y are obtained by demodulating the
signal received by the radar antenna and are assumed to be non-correlated. Each
element of X or Y results from a sum of individual contributions from elementary
scattering areas within the resolution cell (the minimum volume resolvable by
the imaging system). The individual contributions cannot be measured, but each
of them can be considered as a step in a random walk, and therefore a stochastic
representation is required. In order to avoid redundance, the random variable
associated with the distribution of either the real or the imaginary part of the
complex scattered eld will be noted here as X.
The distribution of X depends on the scattering suered by electromagnetic
waves when coming in contact with the imaged object. An object texture that
is uniformly rough compared to the system resolution has a large number of
scattering areas per resolution cell, which translates into a large number of steps
in the random walk. In this case, the Central Limit Theorem applies and the distribution of X becomes Gaussian. If the scattering is exclusively diuse, then the
mean of the distribution is 0. If coherent scattering also occurs (in the presence
of a strong reector), then the mean is dierent from 0.
E = X + jY
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If the number of scattering areas is small relative to the resolution cell size,
or if the texture is not uniformly rough (the number of scattering areas per
resolution cell is variable over the entire object), then the conditions for the
Central Limit Theorem may not respected locally and the distribution of X is
non-Gaussian. The local variations in the number of scattering areas are modeled
by another random variable (denoted Z), resulting in a modulation of the mean
and variance of the Gaussian. X becomes a compound random variable called a
normal variance-mean mixture:
√

(2)
In [5], the relation between this formulation and the Brownian motion with
drift is established. In this context, βx = βcosx (βy = βsiny for Y) is a constant
called drift coecient, and Z is the random variable associated to the texture.
The rst term represents the coherent part, and the second term represents the
diuse part.
In the original formulation, σ = 1 and the distribution chosen for Z is a
two-parameter (shape and scale) Inverse Gaussian. For the current model, we
do not constrain the standard deviation of the speckle component σ , instead we
set the mean of Z to 1, which leads to a one-parameter form for pZ (z) :
X = βx Z +

ZN , N ∼ N (0, σ).

3
δ2 1
1
pZ (z) = √ δexp(δ 2 )z − 2 exp(− ( + z)).
2 z
2π

(3)

Fig. 1 shows examples of Inverse Gaussian pdfs for dierent values of the
shape parameter δ . The distribution is characterized by an asymmetric shape
and a heavy tail for low δ values. As δ increases, the assymetry is reduced and
the shape of the distribution approaches that of a Gaussian. We consider it be
Gaussian for a δ value of 10 and above (equivalent to 1/δ < 0.1), and nonGaussian for lower values. In addition, the variance decreases with δ :
1
(4)
δ2
In order to derive the nal form of pX (x), we must begin with the conditional
probability distribution pX|Z (x|z), when z is xed:
var[Z] =

pX|Z (x|z) = √

1
2πσ 2 z

e−

(x−βx z)2
2σ 2 z

.

(5)

The probability distribution function for the normal-variance mean mixture
can be obtained by integrating the conditional distribution over the entire span
of Z values. The nal form of the pdf is:
r
β2
1 1 σx2 + δ 2 1
β2
x2
βx x
2
pX (x) =
( x2
) 2 δexp(δ )K1 ( ( x2 + δ 2 )( 2 + δ 2 )exp( 2 )
π σ σ2 + δ 2
σ
σ
σ

(6)

where K 32 (·) is the modied Bessel function of the second kind and order 32 .
The model can be considered as a re-parametrization of the Normal Inverse
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Fig. 1: Inverse Gaussian pdfs (normalized) for dierent values of
restricted for a better visibility (for

δ = 1,

δ.

The domain of z is

the tail extends up to z=20).

Fig. 2: Model pdfs (normalized) for dierent parameter values. The mean shifts with
the value of

βx

and

σ

acts as a scale parameter.
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Gaussian (NIG) [5]. Examples of pdfs are shown in Fig. 2, where the inuence
of each parameter is illustrated: δ as shape parameter, σ as scale parameter and
βx as the mean (resulting from (2) and E[Z] = 1).
2.1

Models for the Amplitude and Intensity of the Backscattered
Field

If we wish to model the amplitudes and intensities of the complex backscattered eld in (1), it is convenient to rst develop the conditional distributions. In
order to do this, it is necessary to look at the joint distribution of the variables X
and Y. X and Y are assumed to be independent, therefore by simply multiplying
the marginals we obtain the joint distribution, a bivariate Gaussian:
pXY |Z (xy|z) =

1 x−βx z 2 y−βy z 2
1
e− 2 ( σ 2 z ) ( σ 2 z ) .
2
2πσ z

(7)

The amplitude is the equivalent of the ray (R) in polar coordinates, so a
coordinate transformation is necessary.
By setting X p
= Rcosθ, Y = Rsinθ, βx =
√
2 + β 2 and integrating
βcosφ, βy = βsinφ, so that R = X 2 + Y 2 and β = βX
Y
the joint pdf pRΘ|Z (rθ|z) over the angles θ, we obtain a Rice conditional pdf for
R:
pR|Z (r|z) =

x − x2 +β22 z2
xβ
e 2σ z I0 ( 2 )
2
σ z
σ

(8)

where I0 (·) is the modied Bessel function of the rst kind and order 0. After
performing the variable change I = R2 and some additional manipulations, we
derive the conditional pdf of the intensity:
pI|Z (i|z) = σ 2 zpU |Z (u|z)

(9)

where U |Z ∼ Non-central χ2 (2, βσ2z ):
2

r
1
β2z
1
β2z
pU |Z (u|z) = exp(− (u + 2 ))I0 ( u 2 ).
2
2
σ
σ

(10)

The form in (9) is particulary useful for parameter estimation, as the moments of the non-central chi-squared distribution have closed forms. After integrating over all the possible values for Z, the nal probability distribution
functions for the amplitude and intensity are:
r
pR (r) =

r
β2
2 r σ2 + δ 2 3
β2
r2
βr
2
) 4 δexp(δ )K 32 ( ( 2 + δ 2 )( 2 + δ 2 ))I0 ( 2 )
( r2
2
π σ σ2 + δ 2
σ
σ
σ

(11)

and, respectively:
r
√
β2
i
β i
1 1 σ2 + δ 2 3
β2
2
2
2
pI (i) = √
(
) 4 δexp(δ )K 23 ( ( 2 + δ )( 2 + δ ))I0 ( 2 ). (12)
σ
σ
σ
2π σ 2 σi2 + δ 2
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Parameter Estimation

Parameter estimation is conducted via an Expectation maximization (EM)
scheme. Similar methods have been used in [6] [7] [8]. The complexity is reduced
by the direct estimation of the drift coecient as:
(13)

βx = E[X].

Once βx is determined, the values of the remaining two parameters are initialized by computing the log-likelihood associated with the given data samples
over a xed grid, and optimized by using moment equations. We base the EM
scheme on low-order moments, as they are reliable even for small sample sizes.
A compromise between robustness and speed is desired. Therefore we choose
moments with closed-form expressions, and try to minimize the implementation
of numerical searches. The variance is an example of such a moment:
var[X] =

βx2
+ σ2 .
δ2

(14)

A useful property of the NIG-derived model is the distribution of the posterior
probability pZ|X (z|x), a q
Generalized Inverse Gaussian (GIG) [5] with parameq

ters GIG(−1, σx2 + δ 2 , βσx2 + δ 2 )), which has closed-form expressions for its
moments [2]. The moment of order −1 is equal to:
2

2

E[Z −1 |X; βx , δ, σ] = (
q

δGIG −1 K0 (γGIG δGIG )
2
+
) (
)
γGIG
K1 (γGIG δGIG ) γGIG δGIG
q

(15)

where γGIG = σx2 + δ 2 , δGIG = βσx2 + δ 2 .
By averaging the moments computed using (15) over the entire value interval
of the data samples, one can obtain moment estimates for the prior distribution
pZ (z). Moreover, since the Inverse Gaussian is a particular case of the GIG, its
moments also have closed-form expressions, so that:
2

2

E[Z −1 ] = 1 +

1
.
δ2

(16)

The convergence condition can be chosen among a number of goodness-of-t
measures, for example the Kullback-Leibler Divergence:
DKL (P ||H) =

X
i

p(i)log

p(i)
H(i)

between the histogram values H(i) and the values of the tted pdf p(i).

(17)

A Noncentral and Non-Gaussian Probability Model for SAR Data

Algorithm 1:

1
2
3
4
5
6

βx = E[X]
Initialize δ0

and

σ0

from maximum likelihood

l=1

DKL (P (βx , δl , σl )||H) < DKL (P (βx , δl−1 , σl−1 )||H)
E[Z −1 ] = E[E[Z −1 |X; βx , δl−1 , σl−1 ]]
q
1
δl = E[Z −1
]−1
r
β2
σl = V ar[X] − δ2x

while
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EM for the SLC Model

begin
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10
11
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do

l

l ←l+1
end
end

MAP Filter

We propose a speckle lter associated with the developed model. The purpose
is to remove the speckle and return a smooth image, with the important requirement that details of the scene are preserved and not over-smoothed. The model
is integrated into a Maximum a Posteriori (MAP) estimation, similar to [4]. The
posterior probability of the texture Z is developed in a Bayesian frame, using
the prior pZ (z), the likelihood pI|Z (i|z) and the total probability of observing I,
pI (i). The Intensity of the scattered eld is used in order to include information
from both the real and imaginary parts. The resulting posterior probability distribution pZ|I (z|i) alsoqhas the form of a GIG, similar to pZ|X (z|x), this time
q

with parameters (− 32 , βσ2 + δ 2 , σi2 + δ 2 ). After the maximization of pZ|I (z|i),
the estimated texture value for each pixel is equivalent to:
2

ẑ =

5

q
2
25 + 4( σi2 + δ 2 )( βσ2 + δ 2 ) − 5
2

2( βσ2 + δ 2 )

(18)

Fitting and Filtering SAR Data

The model and lter are tested on a PolSAR image obtained from the
RADARSAT-2 EO Satellite working in Selective Single-Polarization Mode (Transmit H, receive H), at a resolution of 8 m (slant) x 5 m (azimuth). The scene is
situated in the sea of Kattegat, o the coast of Denmark, and contains the small
island Hesselø. In Fig. 3, the model is tted to two dierent areas of the image
representing the real part of the complex eld. The dierence in texture is obvious, but the relatively low values of the local mean, represented by the drift
coecient βx , have a lower impact on the overall distribution.
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The entire scene is represented in Fig. 4. The original data is presented in
amplitude form for visibility. The high-intensity structure highlighted by the
red square corresponds to a house in the real scene. Parameter estimation is
performed on the real and imaginary parts, using the corresponding model (6)
and algorithm 1. β is obtained from its components βx and βy , and the other
two parameters are averaged for their nal values. The parametric images are
computed for each pixel in the image, by applying the estimator on a 11x11
pixels neighborhood. The MAP lter is also applied on each pixel using (18),
and nally an estimation of the purely coherent component of the amplitude β̂ ẑ
is given.
The estimated β has low values relative to the scale σ thruought the image,
as expected for a mostly natural scene. The highest values are visible in an
area with clis, respectively an area with an open eld, suggesting the presence
of coherent scattering. The non-Gaussianity (measured using 1/δ ) shows small
variations on land (1/δ < 1 corresponding to δ > 1 ) with extreme values present
only at the boundaries between land and sea and in the house area. The house
appears to have a strong brightness and associated σ value, but very low drift.
The structure maintains its contrast and borders in the despeckled image, but
is not visible on the image of the coherent component. The ltered image also
highlights the boundaries between dierent areas, and a number of sharp maxima
whose signicance is less clear and requires further analysis.

Fig. 3: Model t and Kullback-Leibler Divergence on two areas of the test scene (left
(cyan): sea, right (yellow): land). Each selection contains 220 pixels and is tted using
50 bins.

6

Conclusions and Future Work

We have developed and tested a modied version of the Normal-Inverse Gaussian distribution for the components of a complex SAR signal. Parameter estimation is conducted using a robust EM scheme, where only two of the three model
parameters are updated, as the drift coecient is estimated directly. Once the
model is tted, it is possible to lter the image by using a MAP approach which

A Noncentral and Non-Gaussian Probability Model for SAR Data

9

Fig. 4: SAR Amplitude Image of the island Hessel and corresponding parametric
images, estimated texture image, and estimated coherent component. The values of
the x- and y-axis represent image pixels, and the color scale represents the feature
named in each title. The estimated parameter values for each pixel are obtained from
neighborhoods of 11x11 pixels.
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is also described here. Since this model accounts for a specular (coherent) component, however feeble, its detection makes it possible to make assumptions on
the nature of the objects that it characterizes: they are likely to be large reective surfaces. Further analysis of a variety of scenes is necessary for a clear
interpretation of the obtained parameters and of the situations where they deliver unequivocal information on the nature of the surface. The main application
that we wish to explore is target detection, on SAR images of dierent scales
and resolutions, especially where the detection of the coherent part of the signal
gives valuable information. It is also desired to assess the relevance of the new
estimates for classication algorithms.
Other possible applications include an extension for Multilook Intensity, an
extension to multichannel data (SAR Polarimetry), and the comparison with
other texture models (for example the Gamma model).
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