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Abstract
Polarimetric target decomposition methods in general have more physical parameters than equations, making the
decomposition underdetermined and hence have no unique solution. The common approach to get around this problem
is to make certain assumptions, thus fixing one or more parameters, allowing the other free parameters to be solved
from the set of expressions. We recently showed how to obtain additional information from fourth-order statistics
to find a unique solution to model-based polarimetric decompositions [1]. This was demonstrated with a specialised
two-component model for sea ice using the fourth-order moments to obtain a unique solution. The solution was
initially valid only for Gaussian data, and indicated that non-Gaussian data led to an over-estimation in many of the
parameters. We subsequently implemented the textured fourth-order equations that removed this over-estimation, and
demonstrated initial results of an empirical optimisation strategy [2]. The current work extends our previous statistical
analyses to include additional moments of the diagonal marginals of the covariance matrix, and we implement this
methodology for the 3-component Freeman-Durden decomposition. Preliminary results are demonstrated for a well
known real polarimetric SAR scene.
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Introduction

The backscatter of radar signals from many natural surfaces is thought to be caused by a combination of several scattering mechanisms, in general categorised as surface scattering, volume scattering, and double bounce
scattering. Polarimetric decomposition theorems focus on strategies for decomposing the measured signals
into components representing these scattering categories.
One class of polarimetric decomposition theorems is denoted model-based decompositions, in which, the objective is to decompose a measured covariance or coherence matrix into a set of individual matrices representing certain parametric models. The Freeman-Durden
three-component model [3] is a well-known example of
a model-based decomposition algorithm.
In general, the model-based approach leads to more parameters than the available number of equations, making
the decomposition underdetermined and hence have no
unique solution. The common approach to get around
this problem is to make certain assumptions, thus fixing
one or more parameters, allowing the other free parameters to be solved from the set of expressions. In [1],
we explored how higher-order statistical moments can
add information, and be used to obtain a determined set
of equations. We have found that considering statistical component mixtures leads to the same decomposition
equations for the second-order covariance or coherency
matrices, and importantly gives extra unique equations
for the fourth-order marginals that can be combined to
find a unique solution. In addition, the fourth-order expressions are quite generic, add only one additional texture parameter per component, and are found in terms
of the second-order elements that fully define the Gaussian speckle scattering distributions. Using this result,

we showed a solution for purely Gaussian scattering coefficients and demonstrated that radar texture would lead
to over-estimates of many of the parameters. In addition,
the estimation did not consider any random variation due
the speckle, and assumed that the covariance estimate
was perfect. In [2] we extended the previous work by
implementing a simple case with equal texture parameters and introduced an optimisation strategy that could
solve the resulting set of simultaneous equations. This
effectively removed the over-estimation problem, and included some account of the speckle variation.
The high-order statistical expressions are independent of
the actual physical model, and relate back to the secondorder covariance or coherency matrices only. Hence,
the approach would add value to all underdetermined
decomposition schemes. In this paper, we extend our
previous statistical analysis to include additional moments of the diagonal marginals of the covariance matrix, and extend our empirical optimisation approach to
the 3-component Freeman-Durden decomposition. We
demonstrate this methodology on a real polarimetric
SAR scene.
The following sections will recap the theoretical aspects
of our methodology, detail the empirical optimisation approach, and show results of preliminary studies based on
real data.
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Basic Method

Traditional Decompositions model the covariance or coherency matrix as a mixture of contributions
C=

Nc
X
j=1

Pj C̃j

or

T=

Nc
X
j=1

Pj T̃j

where Pj represents the power in each component and
C̃j or T̃j are SPAN normalised covariance or coherency
matrices for each scattering model. Under such modelling the Pj s are independent variables in the solution.
It is equivalent to convert to power fractions, such that
fj = Pj /SPAN or Pj = fj SPAN, and there are still Nc
independent variables, SPAN plus (Nc − 1) fractions due
to the constraint
Nc
X
fj = 1 .
(1)

Let |ki,j | denote the j th scattering mechanism component in the ith dimension of the measured scattering vector k. It can be shown that the moment of order l of |ki,j |
can be expressed in closed form as
l
l
l
2
Γ(1 + ).
E{|ki,j |l } = E{τ 2 }Tii,j
2

(8)

Applying (8) to the mixture model in (7), we readily see
that we may write

j=1

It hence follows that the span of T, henceforth denoted
S{T}, becomes
S{T} =

Ns
X

Pi .

(2)

i=1

If we assume reflection symmetry, the coherence matrix
will be of the form


T11 T12
0
∗
T22
0 .
T =  T12
(3)
0
0 T33
The three-component Freeman-Durden (FD) decomposition now models the coherence matrices of the scattering
contributions from surface, double-bounce, and volume
scattering as


1
β
0
1
 β ∗ |β|2 0  ,
(4)
T̃s =
1 + |β|2
0
0
0


|α|2 α 0
1
 α∗ 1 0  ,
T̃d =
1 + |α|2
0
0 0


2 0 0
1
0 1 0 .
T̃v =
4
0 0 1

(5)

(6)

The volume scattering component is in the FD decomposition assuming the scattering particles to be a set of
randomly oriented thin dipoles [3].
Thinking about decompositions as mixing fractions leads
to a statistical interpretation as a probabilistic mixture
with the implication that we may carry this mixture modelling down to the scattering vector level (s or k) as, for
example,
Nc
X
pk (k) =
fj pj (k).
(7)
j=1

Furthermore, we consider the scalar product model for
texture, such that
k=

√

τj X ; X ∼ Ndc (0, Tj ) and E{τj } = 1.

Consequently, the second-order statistics are exactly the
decomposition as before, since E{τj } = 1,
T=

Nc
X
j=1

fj SPAN T̃j .

E{|ki |l } =

3

Nc
X

l
l
l
2
Γ(1 + ).
fj E{τ 2 }Tii,j
2
j=1

(9)

Optimisation Approach

We will start with the same case as before - of adding
fourth-order information. The general case would have
unknown radar texture, i.e., non-unity E{τj2 }, per decomposition component, however, we will here simplify
to the case of equal texture per component, such that we
only need one new free parameter for texture, E{τ 2 }.
For this 4th -order Freeman-Durden solution, we have 9
real parameters, {fs , fd , fv , S{T }, αreal , αimag , βreal ,
βimag , E{τ 2 } }. We obtain SPAN directly from T, get
5 real equations from elements of T in (3) (three diagonals plus the real and imaginary components of the one
off-diagonal), 1 equation from the constraint in (1), and
3 equations from the 4th -order in (9), totalling 10 equations, and hence should obtain a unique solution. This
set of equations is too complicated to solve analytically.
The more complicated case with multiple textures would
have too many free parameters and would need more
moment-order expressions to obtain enough equations
for a unique solution. This case of multiple orders will
be implemented in the future, as it also requires a statistical texture model to link the different texture moment
orders.
We suggest that our simple scenario may be solved with
a non-linear error function minimisation routine. Some
of the error will be due to speckle variation in the finite sample estimation of the coherency matrix for each
multi-looked pixel, so this minimisation routine may also
partially account for this speckle variation.
Our optimisation approach is to empirically build a cost
function based on the total squared error from each of
the relevant coherency matrix elements and fourth-order
moments, essentially an error for each equation. Since
the equations are essentially matching the estimated values at the pixel with the parametric expressions for each
element, then a simple error is the absolute difference
between observed element and the model values. Since
the fourth-order expressions introduce an extra unknown,
E{τ 2 }, we could include it as an additional optimisation
parameter, or use the three ratios of fourth-order terms
such that the texture parameter cancels away. We have
implemented the former approach here and can view the
additional texture estimate itself for interpretation.

Finally, the different elements and orders may have
hugely different scales and may lead to the largest element’s error dominating the total error function and
would lead to some equations being essentially ignored.
Hence, we have tried to normalise the error terms such
that each term’s expected error (i.e., variance) is approximately equal, and hence all the equation should have a
balanced influence on the solution. We currently use an
empirical approach, where the element sample variance
is calculated from a local sliding window (sized 3 × 3) in
a pre-processing stage, but we hope in the future to determine theoretical variance estimates under the model
assumptions. As an optional addition, we have applied
some simple square-root transforms to make the error
terms more symmetric and presumably more robust, and
these were verified experimentally from the local histograms. This approach seems to achieve good results
during the simulated data verification in [2]. The drawback is that each pixel requires a numerical optimisation
to find the solution, and so it can take several hours of
computation time. We may be able to speed this up by
partially solving the equations algebraically and optimising with fewer free parameters in the future.
It is possible to consider the optimisation cost function
as the total normalised squared deviation between the
model and the estimated pixel values
e2=

5
X
(E{T(k)}−hT(k) i)2
(k)

var{hT(k) i}

+

d
X
(E{|ki |4 }−h|ki |4 i)2
i=1

var{h|ki |4 i}

(10)
for each of the five equation terms (k) in the T matrix,
and each dimension’s fourth-order moment.
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Preliminary Results

We choose to demonstrate with the Freeman-Durden decomposition on a San Francisco Radarsat-2 sample dataset, because both the decomposition and the area are very
well known for interpretation. We have zoomed in to the
main city region as can be seen in the Pauli decomposition image in Fig. 1.
The Pauli decomposition Red, Green and Blue
colours (RGB) correspond to R=HH-VV, G=HV+VH,
B=HH+VV, respectively. The image contrast has been
enhanced by displaying in decibels (i.e., log-scale) and
clipping the top and bottom 5% of the histograms (similar to the PolSARpro software tools [4]). The colours
are loosely interpreted as double-bounce, volume, and
single-bounce scattering mechanisms, respectively, although care should be exercised in this interpretation
when the assumption of rotation and reflection symmetry breaks down, as for oriented urban structures. In any
case, one can clearly see that water is blue due to primarily surface single-bounce scattering, the urban areas are
mostly red (or pink) due to double-bounce from the vertical building structures, and the vegetation areas are grey
due to a mixture of all mechanisms from surface and vegetation volume together. The brightest area is actually ur-

ban buildings at 45◦ to the radar view, which have significant depolarisation due to orientation, but the FreemanDurden decomposition will interpret this as volume scattering due to its limited assumptions of symmetry.
We applied our empirical optimisation routine to solve
the Freeman-Durden decomposition with the additional fourth-order moment equations. The results of
the decomposition are actually the set of 9 parameter images. To visualise the results we will show
the three power terms as an RGB image in Fig. 2,
i.e., R=Pd =SPAN×fd , G=Pv =SPAN×fv , and
B=Ps =SPAN×fs . For comparison we also show
the same image evaluated with the traditional FreemanDurden solution from, for example, PolSARpro [4].
Visual comparison, in Fig. 2, indicates that overall the
optimisation achieves a similar result to the traditional
solution, and is clearly producing a balanced solution.
There are some small differences, but these may actually be improvements upon the original Freeman-Durden
solution that is known to over-estimate the volume component and may lead to non-positive secondary powers.
Our solution’s constraints should maintain positive powers, although we have not analysed this positive-definite
constraint rigorously yet. The rotated urban area, in the
middle-right of the image, is interpreted as volume scattering, but this is correct according to the model, due to
the assumptions of symmetry.
As a final example, we show the image of the common
texture parameter, E{τ 2 }, in Fig. 3, which clearly shows
that the water is smooth (dark blue) and the urban areas
are highly textured (lighter blue to red). We note that
there is more noise in this parameter solution, than in the
powers, but we have not yet explored the cause.
In addition, we obtain the images of the complex α and
β parameters, which we have not included because they
are more difficult to interpret.

Figure 1: Enhanced Pauli decomposition of study area
- San Francisco. RGB colours correspond to HH-VV,
HV+VH, HH+VV, respectively.

via cost function optimisation. The optimisation approach solves two limitations: it now partially accounts
for speckle variation; and it produces results for the textured (non-Gaussian) case that we could not solve analytically. The approach produces images for each of the
solution parameters, and the three powers were depicted
as an RGB image and compared favourably to the traditional Freeman-Durden solution. In addition, we showed
the result of the extra parameter for the common texture
variable. These are only the preliminary results, but they
already look promising.

Figure 3: Enhanced Texture parameter. Red is high texture (non-Gaussian), blue is low texture (Gaussian).

Figure 2: Freeman-Durden decomposition, (top) our
optimisation solution, (bottom) the traditional solution.
Three component powers as enhanced RBG colours.
R=Pdouble , G=Pvolume , and B=Psingle .
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Conclusions

This work presents initial results of a new optimisation
approach applied to the Freeman-Durden 3-component
decomposition to solve the decomposition parameters
through the second-order and fourth-order expressions.
This work extends our previous works that showed that
the fourth-order terms determines a unique solution and
finds a generic non-Gaussian, or textured, data solution
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