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Abstract—In this paper we present a generalised Wishart
classifier derived from a non-Gaussian model for polarimetric
synthetic aperture radar (POLSAR) data. Our starting point
is to demonstrate that the scale mixture of Gaussian (SMoG)
distribution model is suitable for modelling POLSAR data. We
show that the distribution of the sample covariance matrix for
the SMoG model is given as a generalisation of the Wishart
distribution, and present this expression in integral form. We
then derive the closed form solution for one particular SMoG
distribution, known as the multivariate K-distribution. Based
on this new distribution, termed the K-Wishart distribution,
we propose a Bayesian classification scheme, which can be
used in both supervised and unsupervised mode. Modelling and
classification is tested on airborne EMISAR data.

I. I NTRODUCTION
A great deal of research has been devoted to statistical
modelling of single polarisation synthetic aperture radar (SAR)
images. The complex scattering coefficient has been modelled
by various non-Gaussian distributions, leading to non-Rayleigh
amplitude models such as the K-distribution [1] and the Rician
Inverse Gaussian (RiIG) distribution [2]. For polarimetric
SAR (POLSAR) data, on the other hand, it has commonly
been assumed that the scattering coefficients measured at
different combinations of transmit and receive polarisations
are jointly Gaussian. The assumption has also to a large extent
constrained the development of POLSAR data classification
methods, resulting in classifiers based on the complex multivariate Gaussian (MG) distribution and the complex Wishart
distribution, respectively modelling the vector of scattering
coefficients and its sample covariance (or coherency) matrix,
as reviewed in [3].
While it is obvious that POLSAR data classification algorithms benefit from the introduction of additional information,
such as spatial context or physical modelling of the scattering mechanisms (target decomposition theory), we focus our
interest on the influence of the underlying statistical model
and classification based on the information contained in the
probability density function (pdf) only.
In Sec. II, we introduce a simple class of generally nonGaussian distributions, denoted the scale mixture of Gaussian
(SMoG) model, and show that it is well suited to represent
high resolution POLSAR data. The SMoG distributions are
constructed as a continuously scaled mixture of a complex,
normalised MG distribution. The scale factor itself is considered a positive random variable, whose density governs the
characteristics of the mixture model. In Sec. III, we use this
framework to arrive at a generalised Wishart distribution for
the corresponding sample covariance matrix. This expression
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is given in integral form for a general scale factor density. A
closed form solution is then derived for a particular choice of
density, for which the SMoG model becomes the multivariate
K-distribution (MK). In Sec. IV we develop Bayesian classification algorithms based on the distribution of the sample
covariance matrix for MK-distributed data. Sec. V presents
some preliminary classification results, where the algorithms
are tested on airborne data from the EMISAR instrument. In
Sec. VI we give our conclusions.
II. S CALE

MIXTURE OF

G AUSSIAN

SCHEME

We model the vector of polarimetric scattering coefficients
(Y ) under the multidimensional SMoG scheme, which may
be expressed as
√
1
(1)
Y = µ + Z Γ 2 X,
where µ is the mean vector, the scale parameter Z is a
strictly positive random variable (scalar), Γ is the covariance
structure matrix, normalised such that det Γ = 1, and X is
a standardised, complex MG variable with zero mean and
identity covariance matrix, i.e. X ∼ CN (0, I). We will
assume that µ = 0. This assumption is well justified for natural
environments, where the in-phase and quadrature values of Y
are theoretically expected to be, and generally are, zero mean.
This scheme describes different parametric families of
distributions, depending on the scale parameter distribution
fZ (z). Four scale mixture models, derived with closed form
expressions, are depicted in Tab. I, including the MG distribution as a special case. All are sparse (heavy tailed) and symmetric distributions, with a global shape for all dimensions,
but an allowable width variation described by the covariance
structure matrix. Both the MG and multivariate Laplacian
(ML) distributions have fixed shapes, and only vary with width
parameter. The two-parameter MK and multivariate normal
inverse Gaussian (MNIG) distributions describe a range of
shapes as well as widths, both including the MG as a limiting
case. Both the MK and the MNIG distribution have theoretical
links to the nature of distributed target scattering, as they can
be derived from Brownian motion models [1], [4].
Statistical modelling is achieved by fitting the parametric
models to the data points in a local neighbourhood around each
pixel. The model parameters are estimated by a fast momentbased method, which includes computation of the sample
covariance and multivariate kurtosis. See [5] for details. The
estimation procedure typically requires neighbourhoods of
7 × 7 pixels and upwards to obtain reasonable statistics, so
some blurring of the image is inevitable.
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TABLE I
S CALE MIXTURE OF G AUSSIAN MODELS
Z distribution

Multivariate scale mixture distribution

Constant (Dirac delta) (z; σ 2 )

Gaussian, MG(y; σ 2 , µ, Γ)

Exponential(z; λ) =

1
λ

z
exp(− λ
)

Kd

Laplacian, ML(y; λ, µ, Γ) =

1
d

(2π) 2

Gamma(z; α, λ) =

2

p

p

2 q(y)
λ

λ q(y)
2



 d2 −1

K-distribution, MK(y; α, λ, µ, Γ) =

α
µz

α

z α−1
Γ(α)

exp − αz
µ
z

2



d
(2π) 2

Inverse Gaussian(z; δ, γ) =

√δ eδγ
2π

2
λ

−1

z

−3
2

λα+1
Γ(α+1)

q

q(y)
2λ

α+1− d2

Kα+1− d
2

p

2λq(y)



Normal Inverse Gaussian, MNIG(y; δ, γ, µ, Γ) =



2

exp − 21 ( δz + γ 2 z)

2δeδγ





2π

√

γ
δ 2 +q(y)

 d+1
2

K d+1
2

 p
γ

δ 2 + q(y)



q(y) = (y − µ)T Γ−1 (y − µ) is the squared Mahalonobis distance from the mean
Km (x) is a modified Bessel function of the second kind with order m

III. T HE GENERALISED W ISHART DISTRIBUTION
The Pauli basis scattering vector is a 3-D vector representation of the Sinclair scattering matrix given as [3]


s
+ sV V
1  HH
sHH − sV V  ,
(2)
k= √
2
2sHV
√
where the factor 2 arises from the requirement of invariance
of the total scattered power. Under the assumption that the
scattering coefficients are jointly Gaussian, the vector k will
have a complex, zero mean MG distribution with covariance
matrix Σ = E{kk H } (termed coherency matrix), where the
superscript H denotes the conjugate transpose. Let the nlooked coherency matrix estimate
n

1X
k i kH
T̄ =
i
n i=1

(3)

be a realisation of the random matrix variable T. From [6]
it is known that if p is the dimension of k, and n ≥ p, then
T̄ follows a complex Wishart distribution with n degrees of
freedom, centered around the true coherency matrix Σ. We
write this as T ∼ W(n, Σ).
If, instead, the statistics of the scattering vector are found
to be more accurately described by a non-Gaussian SMoG
distribution, then T is still Wishart distributed for each fixed
Z. Hence, in the formulation of (1) (with µ = 0) and
conditionally on Z, we have that
(n)

fT (T̄|z) =

nnp |T̄|n−p exp(− nz tr(Γ−1 T̄)
z np I(n, p)

(4)

I(n, p) = π

p
Y

i=1
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Γ(n − i + 1)

where α and µz = E{Z} are model parameters. This distribution for Z results in k being MK-distributed. The resulting
distribution for T can be evaluated in closed form to be
 α  α−np
2nnp |T̄|n−p α
δ
Kα−np (δγ)
(n)
fT (T̄) =
, (8)
I(n, p)
µz
γ
Γ(α)
where δ 2 = 2ntr(Γ−1 T ), γ 2 = 2α/µz , and Km (x) is an
m-th order modified Bessel function of the second kind. We
note that this distribution takes into account that the vector k
may have a distribution that strongly deviates from the MG
distribution. However, we also remark that the multivariate
Gaussian is the asymptotic model as α → ∞, in which case (8)
becomes the standard complex Wishart distribution. We will
refer to the distribution in (8) as the K-Wishart distribution.
IV. T HE K-W ISHART

where tr(·) denotes the trace operation, and
p(p−1)

is a normalization constant, where Γ(·) is the standard Γfunction. In (4) we have used that Σ = zΓ, with |Γ| = 1.
In order to obtain the unconditional distribution for T, we
have to integrate over the prior density of the scale variable
Z. We thus express the generalised Wishart distribution as
Z
exp(− nz tr(Γ−1 T̄))
nnp |T̄|n−p
(n)
fT (T̄) =
fZ (z) dz .
I(n, p)
z np
(6)
In the remainder of this paper we will assume that Z is
Γ-distributed with a pdf given as
 α α−1


α
z
αz
fZ (z) =
exp −
,
(7)
µz
Γ(α)
µz

(5)

CLASSIFIER

In this section, we apply the K-Wishart distribution given
in (8) in a Bayesian classification scheme. We assign a pixel
to the class ωi , i ∈ {1, . . . , k} that is most probable given the
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data sample T̄. The number of classes k must be determined
in advance. We thus select the class that maximises
(n)

P (ωi |T̄; θi ) ∝ fT (T̄|ωi ; θi )P (ωi ) .

(9)

Here θi =
is defined as the parameters of
the MK distribution modelling class ωi .
In supervised classification, the class parameters θ i are
estimated from the training data. The prior class probabilities
can be estimated as P (ωi ) = ni /N , where N is the total
number of training samples, and ni the number of those
belonging to class ωi . Alternatively, we may use the noninformative prior P (ωi ) = 1/k, ∀i. For the unsupervised case
we propose to use the standard unsupervised Wishart classifier
[3] to obtain an initial partitioning, and estimate initial model
parameters and priors from the resulting classes. We then
reclassify each pixel to the class maximising (9), recalculate
model parameters based on the new partitioning, and repeat
these two steps iteratively until convergence (defined by some
stop criterion). The difference between the initialisation and
the result after final convergence will illustrate the effect of
including non-Gaussian statistical information.
We would ideally like to estimate the model parameters
θi from multi-look complex (MLC) data, and methods for
doing this are under investigation. However, we must currently
resort to estimation from the single-look complex data used to
produce the MLC data, in order to demonstrate the capabilities
of the proposed algorithm.
(i)
{α(i) , µz , Γ(i) }

Fig. 1.

Polarimetric composite image of Foulum area, Denmark.

V. R ESULTS
We have tested modelling and classification on an airborne
L-band POLSAR data set acquired with the EMISAR instrument over the agriculture test area of Foulum, Denmark, on
April 17, 1998. We have applied a 7 × 7 refined Lee filter [7]
for speckle filtering of the full-polarimetric data set. A Pauli
composite image is shown in Fig. 1. The test area contains
a lake (purple area stretching diagonally from left edge to
bottom edge), some forest (e.g. the whitest areas in the central
image), patches of cropland separated by roads, and some
urban areas (greyish areas along right hand edge). Ground
truth data is described in [8].
A. Modelling
To investigate the suitability of scale mixture models,
we have utilised the log-likelihood function to measure the
goodness-of-fit of each of our four models. In the left panel
of Fig. 2 we have shown a best fit map, where the colours
indicate which model had the highest goodness-of-fit score.
In general, smooth surfaces lead to more Gaussian-like data.
The more texture, or high contrast scattering targets within the
resolution cell, the more non-Gaussian the data. By comparing
the best fit map to ground truth data we see that the MG
model is superior for the lake area stretching from the left to
the bottom edge of the scene, and also much of the cropland.
Further, the MK model is the best fit for forest areas and
urban areas, the MNIG model suits best around some class
boundaries, while the ML model is seldom preferred, and only
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Fig. 2. Best fit map showing for which areas the MG model (white), ML
model (green), MK model (red), and MNIG model (blue) provides highes
goodness-of-fit score.

at some sharp edges and point scatterers. From Fig. 2 we see
that a large proportion of the data is clearly non-Gaussian. We
have further observed that the flexible two-parameter models
provide a good fit over the majority of the image, even when
they are not the best fit. We therefore suggest to use the Kdistribution for modelling of the entire image.
B. Classification
Classification results for the standard Wishart classifier
and the K-Wishart classifier are shown in Fig. 3 and 5,
respectively. An enlargement from the center is shown in Fig.
4 and Fig. 6. Our preliminary results show clear differences
between the two classifiers, both in terms of homogeneity and
merging/separation of classes. However, we have not been able
to establish any pattern in the behaviour of the classifiers,
and need more detailed ground truth to fully evaluate the
performance.
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Fig. 3.

Fig. 4.

Standard Wishart classifier 16 class result.

Fig. 5.

Detail of Standard Wishart classifier 16 class result.

Fig. 6.

VI. C ONCLUSION
We have presented a generalised Wishart distribution for
the sample covariance matrix based upon a class of generally
non-Gaussian models for the POLSAR scattering vector. We
have derived the closed form expression corresponding to
the multivariate K-distribution. We have further developed
a Bayesian classifier utilising this matrix distribution, and
show preliminary results for unsupervised classification of an
agricultural area in Foulum, Denmark, imaged by the EMISAR
L-band sensor. The newly proposed K-Wishart classifier produces results that are significantly different from the standard
Wishart classifier, but more testing is needed to rigorously
examine how including non-Gaussian statistical information
affects classification accuracy.
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