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On the Multivariate Laplace Distribution
Torbjørn Eltoft, Member, IEEE, Taesu Kim, Student Member, IEEE, and Te-Won Lee, Member, IEEE

Abstract—In this letter, we discuss the multivariate Laplace
probability model in the context of a normal variance mixture
model. We briefly review the derivation of the probability density
function (pdf) and discuss a few important properties. We then
present two methods for estimating its parameters from data and
include an example of usage, where we apply the model to represent the statistics of the discrete Fourier transform coefficients
of a speech signal. Since the pdf is given in closed form, and the
model parameters can be easily obtained, this distribution may
be useful for representing multivariate, sparsely distributed data,
with mutually dependent components.
Index Terms—Multidimensional Laplace distribution, multivariate Laplace distribution, normal variance mixture model,
scale mixture of Gaussians model, statistical modeling.

I. INTRODUCTION

I

N MANY real-world data sets involving multivariate observations, the data have an empirical distribution that is highly
peaked at zero (or the mean vector) and that asymptotically
falls off more slowly than the Gaussian distribution as the
distance from zero increases. We denote these distributions as
sparse distributions. Sparse distributions are appropriate for
representing the statistics of speech and image data, especially
when observed in a transform domain like the wavelet or
discrete Fourier transform (DFT) domain [1]. For example,
the overcomplete wavelet transform coefficients of images are
found to have sparse distributions, a property that has been
extensively exploited in coding and denoising [2], [3]. Several
authors have studied the statistics of speech signals in various
transform domains and found the coefficients to have sparse,
heavy-tailed distributions [4], [5]. Sparse distributions are also
frequently encountered in various machine learning areas, e.g.,
independent component analysis (ICA) [6].
Multivariate observations, which are mutually correlated and
have higher-order dependencies, have frequently been represented using a mixture of Gaussians models. These are convenient in many respects, they have a closed-form probability density function (pdf), and the parameters can easily be obtained
using the EM algorithm. Recently, yet another class of mixture
models, the so-called scale-mixture of Gaussian models, have
emerged as a powerful set of distributions for modeling statistical dependencies in multivariate data [1]. The normal inverse
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Gaussian (NIG) distribution [7] is an example of this kind of
model. The NIG pdf has been widely applied to model economical time series, and it has also been successfully applied in some
engineering problems [8]. The parameters of this model are also
estimated using an EM type of algorithm.
In [9], the multivariate Laplace (ML) distribution was presented as a specific multivariate Linnik distribution with Linnik
. In this letter, we discuss the ML model as
parameter
a multivariate scale mixture of Gaussian models (similar to the
presentation of the multivariate NIG model in [10]), using an
exponential prior for the scale factor. This formulation has advantages in the sense that the model becomes easy to analyze,
and we can find efficient methods for estimating its parameters
from data. We present two methods for estimating the model
parameters. The first method is moment based and follows directly from the generative equation of the model. The second is
an iterative EM-type approach. The latter algorithm may be favorable if covariance selection is applied, like, for instance, in
speech processing, where the precision matrix could be sparse,
or in radar polarimetry, where the covariance matrix could have
a given structure.
We include an example of usage, where we apply the ML
model to represent the fast Fourier transform (FFT) coefficients
of a speech signal.
II. MULTIVARIATE LAPLACE DISTRIBUTION
In [11], it was shown that if the pdf of some random variable
,
is symmetric about zero, and the derivatives of
satisfy
for
then there exist independent variables
a standard normal variable, such that

(1)
and

, with

being
(2)

The variable is allowed to take on only positive values. A
random variable , which can be expressed as in (2), is referred
to as a normal variance mixture model or a scale mixture of
Gaussians. Of course, if the mean of should be nonzero, (2)
may be modified by adding a scalar corresponding to the actual mean value. Now, let
be the pdf of . Then, the marginal pdf of is obtained by averaging over , as in
(3)
Many distributions satisfy the properties of (1), and among
these, we find the Laplace distribution (also called the double
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exponential distribution). In fact, it is easy to verify that if
an exponential stochastic variable with pdf
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is

A. Some Properties of the ML Distribution
From (6), we find that the mean and covariance matrix of
is given as

(4)
and

is a standard normal variable, then
, will have pdf

(10)
(11)

, generated as

(5)
Equation (5) is recognized as the pdf of a Laplace distribution
centered at .
The multidimensional extension of the generative model debe a -dimensional,
scribed above is straightforward. Let
zero-mean Gaussian variable with covariance matrix equal to
be a positive
the identity matrix. Furthermore, let
definite matrix with determinant
and assume that
is a scalar exponential random variable with pdf as in (4). We
now generate a new variable as a multivariate scale mixture
of Gaussians according to

We observe that
is a function of through
. If is
and
diagonal, it follows from (11) that two components
of will be uncorrelated, but
does not factorize into a
product of the component pdfs. Hence, the components of
are not statistically independent. However, the joint distribution
conditioned on , which is Gaussian, will factorize, meaning
and
are independent.
that
, and let
Let us for the moment assume that
denote the weighted
Bessel function behaves as

-norm of . Noting that the

when
we find that

(6)
for large
where is the mean vector. It is now immediately observed
that the conditional distribution of , given , is multivariate
Gaussian with pdf given as

(12)

We observe that the ML distribution is more heavy-tailed
than the normal distribution. We also remark that for
,
, as
.
The moment-generating function of the ML distribution is
found to be

(7)
(13)
The matrix defines the internal covariance structure of the
variables of . For this reason, we will refer to this matrix as
the covariance structure matrix. Let us define
(8)

Now, let
be an arbitrary linear transformation
random vector , where is a
realof a
valued matrix. The transformed variable can then be shown
to be another ML distributed random vector, with parameters
, where

To obtain the marginal pdf of , we have to perform an integra.
tion similar to the one in (3) over the prior distribution
The result of the integration (see the Appendix), using the prior
in (4), turns out to be given as

(9)

denotes the modified Bessel function of the
where
second kind and order , evaluated at . We denote the pdf in
(9) as the the ML distribution, because its generative model is
a multidimensional equivalent to the generative model of the
one-dimensional Laplace distribution. It is also easily confirmed
using the polynomial expansion of the Bessel -function that
when is set equal to 1 in (9), we obtain the pdf in (5). We will
use the notation
to denote that is an ML
distributed variable with parameters , , and .

(14)
(15)
(16)

III. PARAMETER ESTIMATION
The model we have used to generate the ML distribution involves the latent variable , which means that the parameters
of the pdf may be estimated using an iterative procedure. At the
is given as
outset, we note that the a posteriori pdf

(17)
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This pdf is, according to [7], a generalized inverse Gaussian (GIG) distribution, with parameters
,
. We denote this pdf as
. The -order moments
GIG
distribution are given as [7]
of a GIG
(18)
Hence, it follows that for a given observation

, we get

, is a positive definite maNow, since , and hence also
, where is a unit
trix, it may be factorized as
upper triangular matrix (i.e., it has only ones along its diagis a positive diagonal matrix (i.e., all the diagonal), and
onal elements are positive) [12]. We furthermore rewrite as
, where is the identity matrix, and is an upper
triangular matrix with zeros along its diagonal. It is noted that
helps us constrain the precision mathis factorization of
for
, and
, then
trix, since if, for instance,
for the same indexes.
The log-likelihood function now takes the form

(19)
and

(24)

(20)
A. Parameter Estimation. Method I
Equation (10) suggests that can be estimated as the first, i.e.,
order moment of the sample set
, whereas according to (11), can be estimated
as the sample covariance matrix divided by an estimate of . Let
denote the sample covariance
, an estimate of would be
matrix. Using the fact that
given as

where
.
with respect to
Now, maximizing
straint that
, gives

, under the con-

diag
Next, the maximization of
(one for each row of
puted as
gressions of the form

(25)
with respect to is com, except row ) linear re-

(21)

(26)

of the ML distribuThe estimation of the parameters
tion may also be done in a maximum-likelihood approach, using
an EM-type algorithm. In this case, the E-step involves updating
, and the
the first-order and inverse first-order moments of
M-step updates the parameters. This method is to be preferred if
the data dimension is large, and we know that the covariance
matrix is sparse (has many zeros) and has a predefined structure.
is a multivariate Gaussian variable,
Using the fact that
the log-likelihood function associated with the observation set
, given the ’s, is given as

denotes an estimate of the th row
where ,
refer to component of observation
of , and the indexes of
vector . In the actual iteration, is replaced by , and
is replaced by .
Summary of parameter estimation:
1) Set l=0. Select some initial estimates for all parameters.
We suggest to use
,
, and
.
2) Calculate and using (19) and (20).
. Estimate using (23) and
using (26).
3) Set
through linear regression using (29). From
Estimate
, construct . Estimate
according to (28) using
and for and , respectively, and replacing
with . Invert
to get .
4) Repeat 2) and 3) until convergence.

and accordingly, an estimate of

is

B. Parameter Estimation. Method II

(22)
Maximizing the log-likelihood function with regard to , we
obtain

(23)

i.e., a weighted sample mean.

IV. LOG-LIKELIHOOD RATIO TESTS
In this section, we apply the ML distribution to model DFT
coefficients of a speech signal. The signal is sampled at 8
kHz, and the 128-point DFT coefficients are calculated using a
Hanning analysis. In order to be able to visualize the proposed
model, we will here only discuss the 2-D model referring to
the real and imaginary components of a single complex DFT
real
imag
, where
is
component, i.e.,
the th component. We estimate the parameters of the ML
distribution using method II above.
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nents in the discrete mixture model. We note that the ML model
,
always has the highest log-likelihood scores, although for
the scores for the discrete mixture of Gaussian models and the
MNIG model are almost equally high. Hence, in the log-likelihood sense, these tests, which by no means are very extensive,
indicate that the ML model is a better model.
APPENDIX
To find the pdf of

, we have to solve the integral
(28)

Fig. 1. Example of the 2-D Laplace fitted to the real and imaginary component
of the DFT of a speech signal.

Using the substitutions
in (31) may be rewritten as

and

, the integral

(29)
-order moThe integral is recognized as the
ment of an IG distribution [7]. From [7], we have that the -order
moment of an IG distribution is given as
(30)

Fig. 2. Example of the ten-component discrete mixture of Gaussians fitted to
the real and imaginary component of the DFT of a speech signal.

Using (33), the integral in (32) is easily solved in closed form,
and when resubstituting for and , we obtain the closed-form
given in (9).
expression for

TABLE I
RESULTS OF LOG-LIKELIHOOD COMPARISONS
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