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Model for Non-Rayleigh Signal Amplitude Statistics
Torbjørn Eltoft, Member, IEEE

Abstract—In this paper, we introduce a new statistical distribution for modeling non-Rayleigh amplitude statistics, which we have
called the Rician inverse Gaussian (RiIG) distribution. It is a mixture of the Rice distribution and the inverse Gaussian distribution.
The probability density function (pdf) is given in closed form as a
function of three parameters. This makes the pdf very flexible in
the sense that it may be fitted to a variety of shapes, ranging from
the Rayleigh-shaped pdf to a noncentral 2 -shaped pdf. The theoretical basis of the new model is quite thoroughly discussed, and
we also give two iterative algorithms for estimating its parameters
from data. Finally, we include some modeling examples, where we
have tested the ability of the distribution to represent locale amplitude histograms of linear medical ultrasound data and single-look
synthetic aperture radar data. We compare the goodness of fit of
the RiIG model with that of the K model, and, in most cases, the
new model turns out as a better statistical model for the data. We
also include a series of log-likelihood tests to evaluate the predictive performance of the proposed model.
Index Terms—Non-Gaussian signal statistics, non-Rayleigh amplitude statistics, speckle model, synthetic aperture radar (SAR)
speckle model, ultrasonic speckle model.

I. INTRODUCTION

A

UNIVERSAL property of images produced by coherent
imaging systems is the presence of a peculiar granular
pattern of bright and dark spots, often referred to as speckle.
The name was introduced in the early 1960s in the field of
laser optics. However, direct analogs to laser speckle can be
observed in all types of images produced by coherent illumination, including synthetic aperture radar (SAR) images, sonar,
medical ultrasound images, radar astronomy, etc. Coherent imagery is images produced by “object illumination with the particular property that the phasor amplitudes at all object points
vary in unison. Thus, while any two objects may have different
fixed relative phases, their absolute phases are varying in time in
identical fashions” [1]. Laser speckle was explained attributed
to the random interference of many coherent wave components
reflected from different microscopic elements of the rough surface. Rough, in this case, means that the coarseness of the surface is large compared to the wave length of the illumination.
At a distant observation point, the various dephased coherent
components will add and give constructive or destructive interference. In microwave SAR imaging, the origin of speckle may
be similarly explained, but the speckle phenomenon observed in
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ultrasonic images are phonologically different. One such difference is that ultrasound is a penetrating radiation. Hence, volume
scattering effects, complex media with multiple interfaces, different acoustic velocities, and frequency-dependent attenuation
contribute to the aberration of the detected wave.
Modeling the amplitude statistics of coherent images has
been a research area for almost three decades. There are several reasons why this research area is important: Speckle is
an unwanted consequence of the image formation process in
coherent imagery; it masks details and may complicate interpretations. Hence, despeckling, itself, is a goal. Some of the
existing despeckling algorithms lend themselves on a Bayesian
approach, in which case, accurate locale statistical models for
the speckled and speckle-free images are essential [2], [3]. In
addition, accurate classification and characterization of image
regions are often a goal for the users of B-scan or SAR images.
This can, in some respects, be thought of as an inverse process,
in which information about the scattering medium may be
inferred from the images [4]. Some classes of media may be
described locally by parametric statistical models, in which
case the model parameters are sufficient to characterize the
image regions.
When speckle is so-called fully developed, the amplitude is
Rayleigh distributed. However, non-Rayleigh distributions are
often observed in many cases, such as when the number of scatterers in a resolution cell is small, the scatterers are organized
with some kind of periodicity, or when there are some dominant
components present in the cell. A variety of distributions that attempts to model non-Rayleigh amplitude statistics exists. Some
of these are the Rice, the lognormal, the K, and the homodyned
K distributions.
The K distribution is a so-called doubly stochastic representation, which was first introduced to describe the spatial distribution of certain larvae in terms of a two-dimensional (2-D)
random walk model, coupled with an exponential stopping time
distribution [5]. This result was generalized by Yasuda [6] by
using a -distributed stopping time in a Rayleigh random walk
of Brownian motion type. The K model has subsequently been
used as a generic model for scattered radiation [7], [8], speckle
[9], [10], and non-Rayleigh microwave sea echo [11]–[13]. The
same model has also been applied to describe the envelope statistics in ultrasound images, see, e.g., [14] and [15]. The homodyned model is a generalization of the K model as we describe
briefly in the next session.
In this paper, we introduce a new compound statistical model
for modeling non-Rayleigh amplitude signals. We model the
amplitude as a mixture of the Rice distribution and the inverse
Gaussian (IG) distribution. The new distribution is derived by
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considering the scattering process as a Wiener Brownian motion with drift, superimposed an IG distributed stopping time.
We have called this new distribution the Rician inverse Gaussian
(RiIG) distribution. In many respects, this model is similar to
the K model, but it has a richer parameterization, which makes
it even more flexible. In addition, we have developed two iterative estimation schemes, which allow us to efficiently estimate
the parameters.
The paper is organized as follows. In the next section, we
give a brief review of relevant alternative models for describing
signal amplitude statistics. In Section III, we discuss scattering
as a Brownian motion, and review some properties of the IG and
the normal inverse Gaussian (NIG) distributions, which are the
basic building blocks of the RiIG model. We then, in Section IV,
derive the new distribution and discuss some of its properties,
and, in Section V, we present methods for estimating the parameters of the model from data. In Section VI, we demonstrate the
ability of the RiIG model to fit to locale amplitude histograms of
a medical ultrasound image and a single-look synthetic aperture
image, and we evaluate its predictive performance properties in
a series of log-likelihood tests. Finally, we give some concluding
remarks in Section VII.

is proportional to the mean scattering cross
section of the medium. The Rayleigh distribution is commonly referred to as the statistical model for fully developed speckle, or the diffuse scattering signal.
2) K model: Deviation from the Rayleigh distribution is
often observed in areas (or volumes) where the scatterers
are not uniformly distributed. Physically this inhomogeneity is attributed to the presence of a few effective
strong scatterers in the resolution cells. Statistically, this
can be modeled by a double stochastic process. Assume
is locally Poisson, but the
that the scatter population
locale mean {\Omega}, itself, is a stochastic variable.
If obeys a distribution with the probability density
function (pdf) given as

(4)
the unconditional probability of

, obtained as
(5)

becomes the negative binomial distribution, given as

II. REVIEW OF SPECKLE MODELS
Let the scattering medium be modeled as a distribution of mutually independent, statistically identical elementary scatterers.
We may, then, write the detected signal from a given resolution
cell as

(6)
, the amplitude of will attain a
In the limit as
amplitude distribution, with pdf given as

(1)
is the number of scatterers in the cell,
is the amwhere
is the phase of the th scatterer.
and
are
plitude, and
referred to as the in-phase (I) and quadrature (Q) components,
respectively. We briefly summarize below how the model of (1)
may lead to Rayleigh- and K-distributed amplitudes. The space
does not allow for a very thorough discussion. For a more detailed treatment we refer, e.g., to [9] and [16].
1) Rayleigh model: In a locally homogeneous area (or
can
volume), the population of random scatterers
be modeled as a compound Poisson process, in which
the scatterers are uniformly distributed in a large measurement space. The probability that a resolution cell
scatterers obeys a Poisson probability law
contains
with mean number , i.e.,

(7)
where
is the modified Bessel function of second
kind and order , and
(8)
is a scale parameter and is a shape parameter. In the
, the K distribution becomes the Rayleigh
limit as
distribution [11].
distribution is derived
By a second approach, the
directly from (3). In this case, the heterogeneity of the
medium is described as a doubly continuous, stochastic
of the Rayleigh distribution, itself, is a
model, where
random variable, distributed according to a distribution.
Let
. Then, accordingly, the conditional distribuis given as
tion

(2)
As the size of the resolution cells increases, implying
, the probability of the amplitude of in
that
(1) becomes a Rayleigh amplitude distribution [16]. The
Rayleigh model may also be explained in light of the cenis large, the statistics of
tral limit theorem. When
will be Gaussian, resulting in a Rayleigh distributed amplitude, i.e.,
(3)

(9)
When the pdf of

is
(10)

the pdf of

becomes

(11)
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3) Rice model: If
and are circularly Gaussian, and a
is added to the signal in (1), the
specular component
pdf of the amplitude gets Rician, i.e.,

in the usual formulation of Fick’s law. Hence, at time
the pdf of the amplitude of the phasor,
distance from origin), is given as

,
, (the

(12)

(15)

where is the modified Bessel function of first kind and
zero order.
4) Homodyned K model: The homodyned K distribution reis added to the difsults when a coherent component
fuse scattering signal in (1), and we allow the number of
to itself being random folterms in the summation
lowing a negative binomial distribution. The resulting
pdf, which can not be obtained in closed form, is given
by the integral

We note that the variance of the Brownian motion increases linearly with time. Hence, when considered in this context, the amplitude distribution of (9) stems from a Brownian motion with
. Now, the stopping time of a
diffusion coefficient
Brownian motion is defined as the time taken for the motion
to cover a given fixed distance, where the motion stops. The
is
probability that the motion stops after a given time
determined by the stopping time (or first passage time) distribu,
tion. In order to find the probability that the amplitude
we have to average over all possible time intervals it may take to
reach that distance for the first time [see (11)]. Hence, the K distribution is the distribution of the distance covered by a phasor
with Brownian motion and -distributed first passage time.
The Brownian motion model for the K distribution has previously been used by Yasuda to model human migration [6].
According to Jao [16], the choice of a -probability law for
[or in (4)] is purely hypothetical. This distribution is chosen
because it is a frequently used skewed, bell-shaped pdf. If we
go to the literature on Brownian motion, we find that the IG
distribution is often used as a first passage time distribution.
It was first introduced by Schrödinger in 1915, and has later
been discussed in a number of papers and books [17]–[22]. This
first passage time distribution can be obtained by supposing that
is a one-dimensional (1-D) Wiener process with positive
. Then, ,
drift and diffusion constant , and that
to reach the value for the first time,
the time required for
is a random variable with probability density given as

(13)
The models reviewed above have shortcomings. The
Rayleigh model certainly is a proper model for fully developed speckle. However, in high-resolution imagery we
often find that the pixel amplitudes are not Rayleigh distributed, either because the number of scatterers within
each cell is to small, or some strong scatterers are dominating the return signal. The K model is not a proper
model for the case when the signal has a specular component. The homodyned K model has good modeling capabilities, but its use is restricted by the lack of a tractable
pdf.
III. SCATTERING AS A BROWNIAN MOTION
When the amplitude of a signal is not Rayleigh distributed,
it follows that the quadrature components are non-Gaussian. In
the second derivation of the K model we note that for a given
value of , the and components are independent Gaussian
. However,
variables with zero mean and variance equal to
when , itself, is a random variable, the unconditional marginal
and are not Gaussian.
and may be
distributions of
written as
and

(14)

respectively, where is a standard normal random variable. A
variable with this representation is denoted a normal variance
mixture variable.
The continuous model for the K amplitude distribution implies that we consider the scattering process as a random walk
of “Brownian motion type.” Let and , the coordinates of a
phasor in the 2-D plane, be considered as two Wiener processes
and are components of an electric
with zero drift. Since
field, this model implies that building up a given scattered field
, is accomplished through a
strength on component , say
diffusion process which takes some fixed time (on a microscopic
time scale). This time is a random variable, in our case denoted
. At a given time, and are independent Gaussian variables
with zero mean and variance equal to . The variance may be
, where is twice the diffusion constant
expressed as

(16)
If
has diffusion constant
, for a given time
,
is
it follows from the definition of the Wiener process, that
and variance . We
a Gaussian random variable with mean
as
, where, as before,
may, thus, write
is a standard normal variable. It has been shown by BarndorffNielsen [23] that when has the pdf of (16), the variable will
attain a NIG distribution, and the compound variable is said to
be a normal variance-mean mixture variable.
In what follows, our approach will now be to apply the latter
Brownian motion model as model to describe the scattering
from a random medium. As in the K model case, let and
denote the coordinates of a 2-D phasor, and assume that these
and
are independent Wiener processes with individual drifts
, respectively, but with the same diffusion constant
.
By imposing an IG distribution for the first passage time, we
develop in Section IV the unconditional amplitude distribution
corresponding to this scattering model. Our interpretation of this
model in terms of a corresponding discrete scattering model is
that the scattering has a coherent component in addition to the
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diffuse scattering signal. The backscattered field may be written
as

(17)
where , itself, is a random variable. The drift parameters may,
thus, be considered as the average contribution from each resolution cell to the and components of the coherent scattering
signal.
Before we give a detailed derivation of the amplitude distribution corresponding to the above scattering model, we summarize some properties of the IG and the NIG distributions.
A. IG Distribution
and
By the reparameterization
sity function in (16) can be written as1

Fig. 1. Some examples of pdfs residing to the IG model.

, the den-

. Fig. 1 shows
The IG distribution corresponds to
plots of IG pdfs for some values of the location and scale parameters.
(18)
B. NIG Distribution
is the mean of , and is a scale parameter.
It is further possible to explicitly derive the moment generating function to be

(19)

A random variable
is defined to be NIG distributed
, when, for a pair of random
with parameters
, the conditional distribution
is normal
variables
, and the marginal distribution of is IG with
parameters and
. We may, hence, consider
as a compound random variable defined by the relation
(23)

In the rest of this paper, we will use the form of the IG pdf
used by Barndorff-Nielsen in [23]. Letting
and
, we can rewrite (18) as

where
, and
is a standard normal variable. In
[23] the pdf of a 1-D NIG distribution is explicitly given as
(24)

(20)

where

The IG distribution is a special version of the more general generalized inverse Gaussian (GIG) [23] distribution, which has a
pdf given as

(21)
and whose th-order moments are
(22)
1Note that the pdf of the IG distribution may be given in five different forms
[19].

As noted, the distribution is characterized by the four parameters
, which are bounded such that
, and
. controls the steepness of the distribution; a
small means a steep distribution and a larger means a less
steep distribution. determines the skewness;
implies
implies skewed to the right, and
skewed to the left,
implies a symmetric distribution. is a location parameter, and
is a dispersion parameter similar to the variance in the Gaussian
distribution. It is also noted that the parameters
and
are invariant under location–scale changes of the NIG
distributed random variable .
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variable ), and are assumed to be independent, Gaussian
variables, having marginal distributions
(29)
(30)
Since is a random variable, we write
random variables of the form

and

as compound
(31)
(32)

where
and
are standard normal variables.2 This means
, the simultaneous distribution of
that, conditioned on
and
is a 2-D Gaussian distribution with mean
and covariance
, where

Fig. 2. Some examples of pdfs residing to the NIG model.

The

moment

generating function
is given as [23]

corresponding

(33)

to

(25)
Fig. 2 shows some possible realizations of the NIG model.
In [23], Barndorff-Nielsen also introduces a multivariate
NIG distribution. We include the 2-D version below. Let
be a 2-D random vector, which conditioned on a
random variable , follows a 2-D Gaussian distribution with
and covariance matrix
, respectively,
mean vector
. Then, if is distributed according to an IG
where
, where
,
is said to
distribution
be be a 2-D NIG-distributed vector, its probability density is
explicitly given as
(26)
where

We now impose an IG distributed first passage time on the
, with
Brownian motion, i.e., we assume that
. According to [23], this
gives a 2-D NIG distribution for the vector
.
and , and setting
Using the above definitions for
, we easily find that
and
of (26) become
(34)
(35)
(36)
We now switch to polar coordinates by defining
and
and
, where
. The Jacobian for this transformation is . In
polar coordinates, the simultaneous pdf for
becomes

(27)

(37)
where

and

(38)
(28)

Various applications of NIG distributions in signal processing
have recently been reported in the literature [24]–[26]. The 2-D
NIG model is used in the next section to derive the RiIG distribution.

(39)
The pdf for

is obtain by averaging

over

, i.e.,

(40)

IV. DERIVATION OF THE RiIG PDF
Assume that for the backscattered field
, , and
are considered to be two Brownian motions with drifts
and , respectively, and diffusion coefficient
. Furthermore, for a given fixed time (in our case, this means for a fixed

X

Y

2We remark that this relationship between mean and variance of the
and
signals in our case results from the Brownian motion model. Such a dependency
has previously been used by Loupas et al. [27] to model medical ultrasonic
images. However, they explain the dependency to result from the various signal
processing stages in generating the images.
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The integral over results in
, where
is the modified Bessel function of first kind and zero order, and the final
closed form of the pdf of becomes

(41)
It is easy to verify that the conditional distribution of
is a Rician distribution given by

given

(42)
Hence, we note that the skewness (or drift) parameter may be
in the traassociated with a coherent reflection component
.
ditional definition of the Rician distribution, with
The pdf of is accordingly given as

Fig. 3. Examples of pdfs residing to the RiIG model. The numbers in the
brackets correspond to ; ; ; respectively.

(43)
Because
, we call this new distribution for the
the Rician inverse Gaussian (RiIG) distribution.
amplitude
As can be seen from (41), the model has three parameter and,
thus, is flexible to cover a wide range of shapes.
The th-order moments of the Rice amplitude distribution in (42) is
, where
is the
confluent hypergeometric function [28]. Hence, the expression
for the moments of the RiIG distribution is given by

(44)
This expression can be calculated in closed form for even-order
moments (see Appendices I and II). In particular, the secondorder moment is given as
(45)
We note that, in the case when
, the pdf of is obtained
as a mixture of the Rayleigh distribution, with the IG as a mixing
distribution. The th-order moments of this distribution is given
as
(46)
Fig. 3 displays some realizations of the pdf for some selected
values of the parameters. The numbers in brackets in the upper
right corner of Fig. 3 give the values of
and for each
curve. In addition, Fig. 4 shows how the RiIG and K pdfs compare, when of the RiIG model is chosen to be zero. The parameters of the K pdf have been calculated by using (64) and
s calculated from the RiIG pdfs. This gives the
(65) with the
distributions equal mean, but in Case 1 and Case 2, numerical

Fig. 4. Comparative plots of the (dashed-dotted line) RiIG and (thin solid line)
K distributions. Case 1: RiIG parameters [ ; ;  ] = [11; 01; 20]; K parameters
[; b] = [1:303; 6:604]. Case 2: RiIG parameters [ ; ;  ] = [13; 01; 10];
K parameters [; b] = [2:321; 2:243]. Case 3: RiIG parameters [ ; ;  ] =
[11; 01; 20]; K parameters [; b] = [19:367; 0:701].

calculations reveal that there is a small difference in the higher
order moments. This difference is observed in the plots of the
pdfs. In Case 1, this difference is negligible.
A. Model for the Distribution of the Intensity
In many cases, the distribution of the intensity, which is the
squared amplitude, is of interest. It is straight forward to derive
. Then, the pdf of
this distribution from (41). Let
becomes

(47)
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This distribution is the result of mixing a noncentral
distribution with the IG model. In some respects, this pdf may be
easier to work with, since its moments can be explicitly calculated. On the other hand, these moments are quite complicated
expressions of the model parameters, and estimating the parameters from these moments will have to be done numerically.

and

as
(54)

Using (49) and (50), our estimators for

and

are

V. ESTIMATING THE PARAMETERS OF THE RiIG MODEL
(55)
In the following, we suggest two iterative algorithms for estiand of the RiIG model. The two algorithms differ
mating
in the way is estimated. First, we note that the posterior distri, can be calculated in closed form as
bution of , given

(48)
This is the pdf of the GIG model given in (21), with parame. Thus, explicit expressions for the
ters
th-order posterior moments (also for negative ) in terms of
these parameters, may be obtained using (22).
Furthermore, since is assumed to be IG distributed, and
using the fact that the IG is a GIG distribution with
,
we obtain from (22) and the recurrence relation of the Bessel
functions
(49)
and
(50)
We define

(56)
respectively. We mention that other combinations of two moand
ments of may be used to estimate and , e.g.,
. We have chosen to use
and
because
these result in fairly simple expressions, and keeping the moment order low makes the estimators less sensitive to outliers in
the data.
Given and the initial estimate of , we obtain as
(57)
The parameter may be obtained in two ways.
1) Iterative maximum likelihood method (IMLM). Using inias
tial values of and , define
(58)
where
(41). Our estimate for

, and
is defined in
is accordingly given as
(59)

This maximization must be performed numerically.
2) Iterative moment method (IMM). From (45), we note that

. Again, using (22), we find that
(51)

and

(60)

(52)
where, of course,
is the value of corresponding
.
to
Now, let
denote a set of
independent observations of a RiIG distributed variable, and let
. From some initial values
,
, and
, we
from the data as
may then estimate
(53)

Hence, using estimates of the second-order moment of
, together with the estimates and , we can obtain an
estimate of using (60).
We note that the IMLM for estimating in most cases will
converge to a solution in a smaller number of iterations than the
IMM. However, the IMLM is computationally demanding since
the solution is obtained numerically. The IMM, on the other
hand, can be quite efficiently implemented on a computer, and,
hence, altogether will often provide a good solution in a smaller
amount of time than IMLM.
1) Summary of Parameter Estimation Algorithm: The parameter estimation may be summarized in the following steps.
.
1) Set
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2) Find appropriate initial values for , , and . Calcu.
late
3) Estimate
and
from the data using (53) and (54).
Obtain new estimates
and
using (55) and (56).
4) Estimate new as
.
from (59), using
and
in
,
5) Estimate
or using (60) with
and
, and an estimate of .
, and go to step 2). Continue until conver6) Set
gence is obtained, or until a maximum number of iterations has been reached.

VI. EXPERIMENTAL ANALYSIS
In this section, we test the capabilities of the RiIG model to
fit to histograms of various data sets. First, we test the model
on 1000 data samples generated from two given distributions,
namely a RiIG and a K distribution. We show how both the
proposed iterative parameter estimation methods find parameters that give RiIG pdfs which almost perfectly fits the shape
of the “true” pdfs (the ones that the data were originally generated from). We include the test of the K distributed data to show
that the RiIG model has the flexibility to model this distribution
quite well. In both, the two cases we also include the best fitted
K pdfs.
In a second experiment, we test the capabilities of the RiIG
model to fit to histograms of a few selected segments from a
medical ultrasound image showing the interior of the human
heart, and a couple of other segments from a single-look SAR
image. Note that none of the images have been subject to preprocessing that would alter their locale statistics. The test data
have been selected from areas of widely different statistics in
order to show some of the flexibility of the new model. The ultrasound image is displayed in Fig. 5 in log-compressed format.
The black squares indicate the test regions, which in the sequel
will be referred to as Region U1 and U2, respectively. Region
U1 is the upper-most region in Fig. 5, and Region U2 is the lower
most. Region U1 consists of 861 pixels, whereas the other three
have 441 pixels each. For comparison, we have also fitted K
models to the data.
The comparisons are performed by displaying the best-fitted
RiIG and K models together with histograms of the pixel values,
and, for each model, we have also calculated and displayed variance-stabilized p-p plots [29]. Note that, if the model perfectly
represents the data, the p-p plot should be a straight line from
zero to one, with slope 1.
A similar analysis as for the ultrasound image is performed on
two segments of a single-look SAR image. The image and the
test segments are displayed in Fig. 6. S1 refers to to the leftmost
segment and S2 to the rightmost. In this case, each segment has
961 data samples.
We finally include some experiments to evaluate the predictive performance of the new model by comparing log-likelihood
values calculated on test samples. In these tests, we also show
comparisons with nonparametric estimates of the pdfs of the observations.

Fig. 5. Medical ultrasound image (displayed log compressed). The marked
areas define the image regions which were tested against the K and the RiIG
models.

Fig. 6. Single-look SAR image (displayed log compressed). The marked areas
define the image regions which were tested against the K and the RiIG models.

A. Initialization of Parameters of the RiIG Model
The parameters of the RiIG model have been estimated from
the data using the iterative procedures described previously in
Section V. In order to get these algorithms to converge fast, it

1730

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 14, NO. 11, NOVEMBER 2005

Fig. 7. Upper left: True pdf and actual histogram of 1000 data samples generated from a RiIG distribution. Upper right: Illustration of the iterative ML-type
estimation method for RiIG parameter estimation. The initial pdf, the first iteration pdf, a couple of intermediate pdfs, and the final and the “true” pdfs are displayed.
Lower left: Same as upper right using the iterative moment-type estimation method. Lower right: The true pdf plotted along with the final pdfs of both the two
iterative estimation methods. The dotted curve is the estimated K pdf.

is helpful to find proper initial values. The exact and approximate expressions for the moments of the RiIG model given in
A2 are not easily converted to expressions for the parameters.
Hence, a moment based initialization of the parameters is difficult. In these tests, we have used the following approach. First,
we have numerically calculated the mean, variance, normalized
skewness, and the normalized kurtosis for a set of ten lookup
pdfs representing a large variety of pdfs. Then, in each test case,
the moments of the data set are calculated and matched against
these lookup distributions. The one distribution that is closest in
moments in a sum-of-squared-error sense is chosen as the best
initial distribution. The parameters of this pdf are used as initial
values for the iterative algorithms of Section V.
B. Estimation of Parameters of the

[30]. This method uses the fact that the th-order moments of
the K distribution are given by
(61)
Now, define
(62)
is independent of the scale paFrom (61), we find that
in (62), the ratio becomes a function of
rameter . Setting
, i.e.,
(63)

Model

Since the K distribution is used as a comparative model, for
the convenience of the reader, in this section, we include a brief
summary of how the parameters of this pdf are estimated. We
use a moment-based method introduced by Iskander and Zoubir

From (63), the parameter

is given by
(64)
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Fig. 8. Upper left: True pdf and actual histogram of data samples generated from a K distribution. Upper right: Illustration of the iterative ML-type estimation
method for RiIG parameter estimation. The initial pdf, the first iteration pdf, a couple of intermediate pdfs, and the final and the “true” pdfs are displayed. Lower
left: Same as upper right using the iterative moment-type estimation method. Lower right: The true pdf plotted along with the final pdfs of both the two iterative
estimation methods. The dotted curve is the estimated K pdf.

The parameter can be calculated using one of the moments.
, we obtain
Using
(65)
and
from the data,
Hence, by estimating
and inserting these estimates into (64) and (65), we obtain esti.
mates and . In our tests, we have used
Note that, in some cases, the estimate may have a value less
than , which is illegal. In these cases, we obtain the best fitted
model by matching the moments of the of the K model against
those of data.
C. Testing Predictive Performance by Log-Likelihood Cross
Validation
The tests are carried out as follows: We randomly select
image segments of size 21 21 from a collection of three ultrasound and three SAR images. From each image, we take 100
segments. The calculation of the log-likelihood values is done
in a ten-fold cross-validation procedure, in which an image

is split into a testing set
and a modeling set
segment
. The modeling set, which, in each case, consists
samples, is used to estimate the parameters of the RiIG and
K distributions, and to obtain nonparametric estimates of the
pdfs of the data, and the testing set, which consists of
samples, is used to calculate log-likelihood ratios. This is done
, each time using a different
ten times, i.e., for
partitioning of the data. The log-likelihood value associated
with a given segment is then given as the mean of the ten
calculated log-likelihood values.
We use Gaussian kernels for the nonparametric pdf estimator,
i.e.,
(66)
The width of the kernels is determined using a ten-fold log-likelihood cross-validation procedure on the modeling data
(see e.g., [31]). We mention that this way of determining the
kernel width will not necessarily give smooth pdf estimates, especially when the size of the data set is small. As can be noted
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Fig. 9. Linear data. Left: (Solid line) Fitted RiIG-model, (thin solid line) histogram, and (dotted-dashed line) fitted K model corresponding to test region U1 of
Fig. 5. Right: Variance stabilized p-p plot of (solid line) RiIG model and (dashed-dotted line) K model corresponding to models in the left panel.

Fig. 10. Linear data. Left: (Solid line) Fitted RiIG-model, (thin solid line) histogram, and (dotted-dashed line) and fitted K model corresponding to test region
U2 of Fig. 5. Right: Variance stabilized p-p-plot of (solid line) RiIG model and (dashed-dotted line) K model corresponding to models in the left panel.

from Fig. 13, which displays a typical example of a pdf estimate, the kernel size seems to be too small. However, the resulting pdfs will yield pdfs, which have favorable log-likelihood
values. Increasing the kernel size will give smoother estimates,
but estimates with lower log-likelihood values.
D. Results
Modeling Generated Data: Figs. 7 and 8 illustrate how the
two proposed iterative parameter estimation methods, from a
given initial distribution, gradually iterate toward the pdfs of
the generative RiIG and K distributions, respectively. The upper
left panel of Fig. 7 shows the “true” RiIG pdf and the histogram
of 1000 data samples generated from it. The upper-right panel
shows the pdf corresponding to the initial parameter selection,
the pdf corresponding to the first iteration, some intermediate
pdfs, and, finally, the resulting and the “true” pdfs for the IMLM.
The latter two are almost indiscernible. The lower left panel
shows the same set of curves for the IMM. Finally, the lower
right panel shows the “true” and the resulting curves for the

IMLM and IMM. We note that these three curves are almost
identical. The dotted curve is the best fitted K pdf. Fig. 8 shows
the same sequence of curves for the K generated data. In both
these experiments the IMLM converged in less than 100 iterations, whereas the IMM used approximately 1000. We conclude from the above experiments that the parameter estimation methods proposed are able to obtain correct model fitting,
and that the RiIG model is able to perfectly model data generated from the K distribution, whereas the opposite obviously is
not true. We remark that the discrepancy between the true and
the data fitted K models observed in the lower right corner of
Fig. 8, is caused bye the parameter estimation method we have
used. Other methods, e.g., methods using logarithmically transformed data, might have given better agreement.
Modeling Real Data: As mentioned above, in the cases
where we use real data, the segments which are selected for
testing are chosen such that different histogram shapes are
shown. Figs. 9 and 10 show the results for the ultrasound data.
The left panels show the histograms and the pdfs corresponding
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Fig. 11. Single-look SAR data. Left: (Solid line) Fitted RiIG-model, (thin solid line) histogram, and (dotted-dashed line) fitted K model corresponding to test
region S1 of Fig. 6. Right: Variance stabilized p-p-plot of (solid line) RiIG model and (dashed-dotted line) K model corresponding to models in the left panel.

Fig. 12. Single-look SAR data. Left: (Solid line) Fitted RiIG-model, (thin solid line) histogram, and (dotted-dashed line) fitted K model corresponding to test
region S2 of Fig. 6. Right: Variance stabilized p-p-plot of (solid line) RiIG model and (dashed-dotted line) K model corresponding to models in the left panel.
TABLE I
RESULTS OF PREDICTIVE PERFORMANCE EXPERIMENTS

to the best fitted RiIG and K models, whereas the right panels
show the variance stabilized p-p plots. Comparing the pdf
curves of the RiIG and K models with the histograms of the
data, we immediately observe that the RiIG models have the
best fits. This is always confirmed by the p-p plots. Note that
a perfect fit will result in a straight line shown as the thin
dashed curve in the plots. The p-p plots of the RiIG model are
in many cases very close to this straight line. Some deviation
is, however, seen, and this is to be expected in light of the
relatively small amount of data that have been used. Also,
for the single-look SAR data, the RiIG model turns out as a
good alternative, although for these data the K model will, in

general, yield good fits. In Figs. 11 and 12, we have depicted
two examples where the K model is definitely not a proper
model, whereas the RiIG model shows excellent fits.
Testing of Predictive Performance: The result of the predictive performance tests is summarized in Table I. As already mentioned above, we have used three ultrasound images and three
SAR images. USim1 and USim2 are two different ultrasound
images of the human heart, whereas USim3 is an ultrasound
image of arteria carotis. All images have been processed in the
same way as the image displayed in Fig. 5. The radar images
are single-look SAR images of a mountainous area (SARim1),
a forest area (SARim2), and an ocean scene (SARim3). Table I
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APPENDIX I
SOME MATHEMATICAL RELATIONS
We give some relations valid for the Bessel functions
and
, and the confluent hypergeometric function, which are
used in the derivation of the moments of the RiIG model
and
(67)

(68)
, we find from (68) that
. For the first derivative of the Bessel
functions, we have
For real

and

and
Fig. 13. Example of a nonparametric estimate of the (bold curve) pdf of an
image segment plotted against the (thin curve) actual histogram.

gives, for each image, the number of image segments for which
each model yields the largest log-likelihood value. The numbers given in parenthesis are the result of a similar log-likelihood comparison between the two parametric models only. As
can be noted, Table I conclusively shows that the RiIG model
has the best predictive performance for the tested data. For all
six images, it most frequently comes out as the preferred model
according to the log-likelihood test. By comparing the numbers
in parenthesis, the table also indicates that the RiIG model is
a more appropriate model for ultrasound images, than the K
model. This conclusion is not so evident for the SAR images.

(69)

The confluent hypergeometric function can be expanded in a
series as

(70)
From (44), we note that even-order moments of the RiIG distribution correspond to negative integer values of , which reduces
the infinite series above to a series of finite number of terms. We
can be expressed in terms of
also note that
Bessel functions as [32]

(71)
VII. CONCLUSION
We have presented a new model for representing
non-Rayleigh amplitude signals. It is constructed as a mixture
distribution of the Rician pdf with the IG as a mixture distribution. For this reason, we have called the distribution the Rician
inverse Gaussian distribution. The model has three parameters.
This makes the distribution very flexible and the shape of the
pdf may attain a lot of different forms. The model is, hence, well
suited for modeling the locale amplitude distribution of images
acquired with coherent image systems, such as SAR images
or ultrasound images. The new model has a large resemblance
to the well-known K distribution, which has previously been
widely used to model this kind of data.
In this paper, we have presented two iterative algorithms for
estimating the RiIG parameters from data. We have furthermore
included some tests, where we have compared the abilities of
the RiIG model and the K model to fit to histograms of various
shapes. Our tests show that the new model provides better fit to
the given histograms. Also, extensive tests of the predictive performance of the new model compared to that of the K model,
and that of nonparametric estimates of the pdfs of the observed
data, confirm the conclusion that the new pdf represents an appropriate statistical model for modeling the locale statistics of
ultrasound and SAR image amplitude data.

APPENDIX II
MOMENTS OF THE RiIG DISTRIBUTION
The expression for the mean of

is

(72)
By applying (71), we can write

(73)
For large values of , the Bessel functions are approximated as
(74)
using only the first two terms in the large arguments asymptotic
expansion of
. Putting these expressions into (72) and av-
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eraging over gives us the following parametric expression for
the mean of
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(75)
Similar arguments allow us to calculate an approximate expres. This becomes
sion for
(76)
The second-order moment

is easily found to be
(77)

by using (22) and the recursive relation for the
given
in (68). Again, using (75) and (77), we obtain an approximate
expression for the variance of
(78)
For valid ranges of the parameters, the expressions above may
be simplified by discarding small terms and, thus, applied to find
initial estimates for the parameters in the iterative algorithms
presented in Section V.
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