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Modeling the Amplitude Statistics of
Ultrasonic Images
Torbørn Eltoft, Member, IEEE

Abstract—In this paper, a new statistical model for representing
the amplitude statistics of ultrasonic images is presented. The
model is called the Rician inverse Gaussian (RiIG) distribution,
due to the fact that it is constructed as a mixture of the Rice distribution and the Inverse Gaussian distribution. The probability
density function (pdf) of the RiIG model is given in closed form
as a function of three parameters. Some theoretical background
on this new model is discussed, and an iterative algorithm for
estimating its parameters from data is given. Then, the appropriateness of the RiIG distribution as a model for the amplitude
statistics of medical ultrasound images is experimentally studied.
It is shown that the new distribution can fit to the various shapes
of local histograms of linearly scaled ultrasound data better than
existing models. A log-likelihood cross-validation comparison of
the predictive performance of the RiIG, the K, and the generalized
Nakagami models turns out in favor of the new model. Furthermore, a maximum a posteriori (MAP) filter is developed based on
the RiIG distribution. Experimental studies show that the RiIG
MAP filter has excellent filtering performance in the sense that
it smooths homogeneous regions, and at the same time preserves
details.
Index Terms—Compound distribution, generalized Nakagami
distribution, K distribution, maximum a posteriori speckle filter,
non-Gaussian statistics, non-Rayleigh amplitude statistics, speckle
filtering, ultrasound amplitude statistics, ultrasound imaging.

I. INTRODUCTION

U

LTRASOUND imaging has during the last couple of
decades become a widely used, and safe, medical diagnostic technique. During imaging, a transmitted ultrasound
signal penetrates and interacts with the human body, and
information about internal tissue structures is encoded in
the backscattered echo. Due to the phase-sensitive detection
of backscatter from many sites randomly distributed in the
resolution cell of the transducer, an ultrasound image is characterized with a granular pattern of white and dark spots.
This phenomenon is denoted speckle, and it is considered a
process which tends to degrade the resolution and contrast of
ultrasound images. We may, thus, argue that ultrasonic imaging
is basically a statistical process, and information useful for
classification and identification of tissues is provided by the
statistics of the backscattered signals. The coupling between an
incoming ultrasonic pulse and the sources of acoustic scattering
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is described by the acoustic wave equation for inhomogeneous
media [1]. The sources of scattering are various changes in
or compressibility
.
the acoustic impedance
According to [2] the description of the coupling is dependent
on which of the following conditions is dominating:
• The scattering volume is dominated by scatterers whose
structure is on a scale smaller than the wavelength of the
probing ultrasound wave.
• The scattering volume contains structures on a scale larger
than the wavelength of the probing ultrasound wave.
• The scattering volume contains scatterers on a scale comparable with the wavelength.
The statistical properties of the returned signals are obviously
determined by which scattering regime is mainly producing the
echoes. A first step toward the goal of tissue characterization
is the statistical modeling of ultrasound echoes from the body.
Often the returned signal contains contributions from more than
one mechanism, and a compound statistical model would be
appropriate.
Many statistical models have been proposed to model the
envelope of ultrasound signals. The two most frequently used
models are probably the Rayleigh-model and the -model [3].
However, several other parametric models exist. Among these,
we mention the homodyned K distribution [4], the Nakagami
distribution [5], and generalized Nakagami distribution [6]. In
a recent paper [7], we introduced a new compound statistical
model, which is constructed as a mixture of the Rician distribution and the inverse gaussian (IG) distribution. We called this
distribution the Rician inverse Gaussian distribution (RiIG). In
many respects, the RiIG model is similar to the K model, but it
has a richer parameterization, which makes it more flexible. The
new model also has the advantages that its parameters can easily
be obtained from data, and its posterior distribution is given in
closed form, which makes it easy to develop an accompanying
maximum a posteriori (MAP) speckle filter.
The objective of the present paper is to show the versatility
of the RiIG model in characterizing the statistics of the envelope of ultrasonic echoes. We do this by fitting the model probability density function (pdf) to local histograms of a medical ultrasonic image. We also evaluate the predictive performance of
the model in a serious of log-likelihood cross-validation experiments. In both cases, we compare the performance with the performances of the K model and the generalized Nakagami model.
Furthermore, we develop a MAP speckle filter based on the new
distribution. A MAP filter applies a priori knowledge of the pdf
of the scattering cross section, when performing the filtering. In
our case, this pdf is assumed to be the Inverse Gaussian pdf. We
compare the filtering performance of the RiIG MAP filter to the
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performance of a -MAP filter, which is an equivalent speckle
filter based on the K model, and to the performance of the traditional median filter.
The paper is organized as follows. In Section II, we briefly review the Rayleigh, the K, and the Nakagami models, and present
the theoretical basis of the RiIG model. In Section III, we explain how the parameters of the RiIG model can be estimated
from data, and discuss the robustness of the estimators. In Section IV we give an experimental analysis of the new model’s capability to represent the local amplitude statistics of ultrasound
images. We include comparisons with the K and the generalized Nakagami models. We also develop the RiIG MAP filter,
and study its filtering performance. Finally, in Section V we give
some concluding remarks.

When

II. REVIEW OF MODELS FOR ULTRASONIC
AMPLITUDE STATISTICS
Let

be the complex envelope of the detected signal, i.e.
(1)

where and are the in-phase (I) and quadrature (Q) components, respectively, is the envelope (amplitude), and is the
phase. Obviously, the amplitude is related to the quadrature
.
components as
The Rayleigh Model: The Rayleigh distribution represents the
fully-developed speckle case, and is one of the most commonly
used models. It is generally referred to as the Gaussian or diffuse
scattering model [8], due to the fact that the complex envelope
is circularly Gaussian distributed. The pdf of , is given as
(2)

is -distributed with pdf given as
(4)

the unconditional pdf of

becomes
(5)
(6)

is the modified Bessel function of second kind and
where
is a scale parameter, and is a shape
order ,
parameter. We note that the K distribution may also be derived
using the discrete scattering (random walk) model, assuming the
to be a stochastic varinumber of contributing components
able following a negative binomial distribution [11]. The parameters of the K pdf are easily estimated from data using moment
estimators.
The Nakagami Models: The Nakagami distribution is another
two parameter model, which has been shown to represent the
amplitude of medical ultrasound data fairly well [5]. The pdf of
this model may be given as
(7)
is a shape parameter, and is a scaling parameter.
where
A Nakagami distributed variable may be viewed as the norm
of an -dimensional complex Gaussian vector, where is the
scaling factor of the Nakagami distribution. It is closely related to the -distribution, since, if is Nakagami distributed
,
is -distributed with parameters
with parameters
. and are easily estimated from data using moment estimators.
The generalized Nakagami density model is obtained from the
, which
Nakagami model using the transformation
gives us a three parameter pdf of the form

where
is the variance of the Gaussian distributed - and
-components.
The K Model: The most well-known non-Rayleigh distribution used for modeling the amplitude of ultrasound data is the
K distribution. The K distribution is a so-called doubly stochastic representation, which was first introduced to describe
the spatial distribution of certain larvae in terms of a two-dimensional (2-D) Brownian motion model, coupled with an exponential stopping time distribution [9]. This result was generalized by Yasuda [10] by using a -distributed stopping time in
a Rayleigh Brownian motion. In the formulation, we are using
later to develop the RiIG model, the K distribution results if
we model the - and -components of as so-called normal
to itself
variance mixture variables. We allow the variance
be a random variable, distributed according to a -distribution.
Mathematically, let
and
be two Gaussian variables with
simultaneous pdf
, where
is the 2-D identity matrix. Let furthermore,
and
. Then accordingly, the conditional distribution
is given as

The generalized Nakagami distribution has been shown to better
account for the heavy tails that are often observed in histograms
of ultrasound data. Also, the parameters of this model can be estimated from data using maximum likelihood estimation techniques [6].
The Rician Inverse Gaussian: The RiIG model has been
proposed as a new pdf for modeling the amplitude statistics
of non-Gaussian signals. The idea is that if the amplitude of
the backscattered signal deviates from Rayleigh statistics, the
and quadrature
components must deviate
in-phase
from Gaussian statistics. Recently, Barndorff-Nielsen introduced the normal inverse Gaussian (NIG) distribution as a
generic model for non-Gaussian signals with a semi-heavy
tailed distribution [12]. The pdf of a 1-D NIG distributed
variable is explicitly given as

(3)

(9)

(8)
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where

As noted, the distribution is characterized by the four param, which are bounded such that
,
eters
and
. controls the steepness of the distribution; a small means a steep distribution, a larger means a
imless steep distribution. determines the skewness;
implies skewed to the right, and
plies skewed to the left,
implies a symmetric distribution. is a location parameter, and is a dispersion parameter similar to the variance in
the Gaussian distribution. It is also noted that the parameters
and
are invariant under location-scale changes
of the NIG distributed random variable . The
distribution is a normal variance -mean mixture. It is the mar, where the
ginal distribution of a pair of random variable
conditional distribution of , given
, is Gaussian with
, and variance , and is Inverse Gaussian with
mean
(see Appendix I). Hence, we may
parameters
write
(10)
is a standard normal variable.
where
The NIG model has recently found some interesting applications in signal processing [13], [14]. We propose to use it to
model the - and -components of in (1) as two uncorrelated
non-Gaussian variables. The physical meaning of this model, is
that we consider the backscattered signal as being built up by
and , comtwo independent Brownian motions with drifts
bined with an IG distributed first passage time. The drift parameter will account for the presence of a coherent scattering
component. Hence, the physical motivation for the RiIG model
is exactly the same as the motivation for the K model, when the
K model is derived as above. There are however two important
differences between these two models. The RiIG model allows
a drift term, and it uses a different first passage time distribution,
namely the IG distribution. The IG distribution can be theoretically derived as the first passage time distribution of a Brownian
motion process with drift, and is a well-known pdf in the literature on Brownian motion [15]–[17]. For a more detailed discussion on this, we refer the interested reader to [7].
In the reminder of this paper, we will use to denote the stochastic variable representing the envelope of the complex signal
. Consider the case when the complex envelope of a signal
has - and -components that are uncorrelated and NIG distributed, i.e:
(11)
, and
. Note
where
. Accordingly, and are
that we assume that
both compound random variables of the form [12]:

Fig. 1. Examples of pdfs arising from the RiIG model. The numbers in the
brackets correspond to , , and  , respectively.

where
is 2-D Normal distributed,
, with
covariance matrix
( is the 2-D identity matrix.), and
is distributed
. Let
be the amplitude.
is a
It is easy to show that the conditional distribution of
Rice-Nakagami distribution given by
(12)
where
is the modified Bessel function of first kind and zero
. The Rice-Nakagami distribution is a
order, and
well-known distribution for the amplitude of a sinusoidal signal
in Gaussian noise. Hence, we note that the skewness parameter
in this regard plays the role of the coherent sinusoidal component in the definition of the Rice-Nakagami distribution. The
pdf of is accordingly given as
(13)
Noting that is Inverse Gaussian distributed with parameters
(see Appendix I), the distribution of can be explicitly
calculated to become [7]

(14)
where
. We call this distribution the RiIG distribution. As can be seen, the model has three parameter and,
thus, is flexible to cover a wide range of shapes. Fig. 1 displays
some realizations of the pdf of the RiIG model for some selected
values of the parameters. The numbers in brackets in the upper
right corner give the values of , , and for each curve.
The general expression for the moments of the RiIG distribution is given by

(15)
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where
is the confluent hypergeometric function
[18]. This expression can be calculated in closed form for
even order moments, using the properties of the generating
function of Laguerre polynomials, and the results of (37) in
. In particular, the second order
the Appendix, with
moment is given as

and
can be obtained by using the fact that the posterior
, is given in closed form as [7]
distribution of , given

(16)
A special version of the RiIG model is obtained by forcing
. We immediately see from (12) that
the parameter to
the pdf of now is obtained as a mixture of the Rayleigh distribution and the Inverse Gaussian distribution. This will be a
distribution of two parameters, and . The th order moment
of this distribution is given as

(21)
This is the pdf of the generalized inverse Gaussian (GIG) model
(see Apgiven in (36), with parameters
pendix). Thus, explicit expressions for the th-order posterior
moments (also for negative ) in terms of these parameters, may
be obtained using (37).
. Using (37), we find that
We define
(22)

(17)

and
(23)

A. Model for the Distribution of the Intensity
In many cases the distribution of the intensity, which is the
squared amplitude, is of interest. It is of course straight forward
. Then the pdf
to derive this distribution from (14). Let
of becomes

is the value of corresponding
where of course
to
. Estimates of
and
can be obtained by averaging (22) and (23) over the observation set.
denote a set of
independent obLet ,
servations of a RiIG distributed variable. Assume we are given
and , and let
. We
some initial value for
may then estimate
from the data as

(18)
(24)
This distribution is the result of mixing a noncentral -distribution with the Inverse Gaussian model. In some respects,
this pdf may be easier to work with, since its moments can
be explicitly calculated. On the other hand, these moments are
quite complicated expressions of the model parameters, and estimating the parameters from these moments will have to be
done numerically.

and

as
(25)

Using (19) and (20), our estimators for

and

become

III. ESTIMATING THE PARAMETERS OF THE RiIG MODEL

(26)

, , and , the parameters of the RiIG model, can be estimated using an iterative approach. Using the fact that is IG
distributed, we have that

(27)

(19)

respectively. Given and , a new estimate
using the maximum likelihood method. Let

may be obtained

(28)

and
(20)
From (19) and (20) we realize that estimates of and can
be obtained from estimates of
and
. Estimates of

where
new estimate for

, and
is defined in (14). Our
is accordingly given as
(29)
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TABLE I
PARAMETER ESTIMATION

The exact solution to this maximization must be performed numerically. We note that the expression for
may
be simplified by using approximative expressions for the two
.
Bessel functions in (14). is obtained as
Summary of Parameter Estimation Algorithm: The parameter estimation may be summarized in the following steps.
.
1) Set
and .
2) Find appropriate initial value for
3) Estimate
and
from the data using (24) and (25).
and
using (26) and (27).
Obtain estimates
4) Estimate
from (29), using
and
in
.
, and go to step 3. Continue till convergence
5) Set
is obtained, or till a maximum number of iterations has
been reached.
6) Estimate
from
using the
final value for n.

Fig. 2. True RiIG pdf and histogram based on 500 samples. Parameters [ =
1:7, = 1:6,  = 30].

A. On the Robustness of the Parameter Estimation
It is well-known that an expectation-maximization (EM) type
of parameter estimation technique suffer form the risk of being
trapped in a local maximum, instead of converging to the global
maximum. This will also be the case for the procedure described
above. Our experience is that in order for the algorithm to converge to parameter values close to the correct values, it is important to have a good initial value for the parameter . Since even
order moments of the RiIG pdf are given in closed form, these
could be used to obtain a good initial value for . Table I shows
the result of a simulation experiment, where RiIG distributed
data were generated from a pdf with true parameter values [1.7,
1.5, 50] for , , and , respectively. The parameters were estimated based on 100, 500, 1000, and 2000 samples, using the
procedure above, with approximative expressions for the Bessel
functions. The initial value for was always 1.5, whereas the
initial value for was 20. Table I shows the mean and standard
deviation for each parameter. As expected, the accuracy of the
estimates improves as the sample size increases. and seem
, is quite
to have a small bias, however, their difference,
accurately estimated. This difference is important to obtain the
correct shape of the pdf. We note, that even with a sample size
as small as 100 samples, the estimation gives fairly good agreement with the true parameters. The estimator for seems to be
unbiased, and the resulting estimates are within one standard
deviation of the true value.
In many cases, the actual values of the parameters of a pdf
model are not as important as finding a pdf which represents the
data well. Fig. 2 shows the true pdf and the histogram of a set of
500 data samples generated form a RiIG model with parameters
[1.7, 1.6, 30]. We repeatedly estimated the parameters using this

Fig. 3. Plots of 10 estimated pdfs based on the data corresponding to the
histogram in Fig. 2, plus the true pdf.

data set, but now and were randomly initialized, in the interval [0,5], and in the interval [5,25]. 10 sets of parameters
were estimated, and we observed that the resulting parameter
values had some spread. However, the difference
is always close to the correct value, and the resulting pdfs, which
are all plotted in Fig. 3, on top of the true pdf, are all very close
in shape to the true model. This indicates that the procedure always converges to a meaningful pdf, and the result may justify
to sometimes fix the parameter, as is done in the MAP filter experiments below. The convergence is very rapid, and is in most
cases achieved in less than 10 iterations.
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Fig. 4. Left: best fitted RiIG model (solid), K model (dotted-dashed), and generalized Nakagami model (dashed) to the histogram (thin solid) of an ultrasound
image of a human heart. Right: stabilized p-p-plots corresponding to the RiIG, K and generalized Nakagami models of the left-hand figure.

Fig. 5. Left: best fitted RiIG model (solid), K model (dotted-dashed), and generalized Nakagami model (dashed) to the histogram (thin solid) of an ultrasound
image of a human liver. Right: stabilized p-p-plots corresponding to the RiIG, K and generalized Nakagami models of the left-hand figure.

IV. EXPERIMENTAL ANALYSIS
We include an experimental analysis focusing on two properties of the RiIG model. First, we examine the appropriateness of
the RiIG model to represent the amplitude statistics of real medical ultrasound data. In this analysis, we compare the goodness
of fit of the RiIG model with the goodness of fits of the K and
generalized Nakagami models. We then construct a MAP filter
based on the RiIG pdf, and compare the filtering performance
of the RiIG MAP filter to the performances of the -MAP and
the median filters.
A. Modeling the Amplitude Statistics of Locale Image
Segments
Matching locale histograms: The upper left-hand image of
Fig. 7 and the left-hand image of Fig. 9 display two original ultrasound images showing the interior of the human heart. They
are shown in a log-compressed scale in order to display details

not discernible in linearly scaled images. However, we note that
the analysis below is performed on linearly scaled data. In addition to these two images, we have available three liver and two
kidney images. We select regions of size 50 50 pixels from
each image, and fit the models to the histograms of the image
segments. The parameters of the RiIG model are estimated using
the iterative method described in Section III, whereas the parameters of the K pdf are estimated using a moment based method
[19], and the parameters of the generalized Nakagami distribution were obtained using the method described in [6]. The
goodness of fit to the histograms can be visually evaluated from
Figs. 4–6, where one result for each organ is shown. The lefthand panels display the best fitted RiIG models (solid curves),
K models (dashed-dotted curves), and generalized Nakagami
models (dashed curves), plotted against the corresponding histograms of the pixel values (thin solid curve). Note that the range
of the axes varies from figure to figure, meaning that the shapes
represented by the pdf plots are quite different. Comparing the
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Fig. 6. Left: best fitted RiIG model (solid), K model (dotted-dashed), and generalized Nakagami model (dashed) to the histogram (thin solid) of an ultrasound
image of a human kidney. Right: stabilized p-p-plots corresponding to the RiIG, K and generalized Nakagami models of the left-hand figure.
TABLE II
RESULTS OF PREDICTIVE PERFORMANCE EXPERIMENTS

pdf curves of the fitted pdfs with the histograms of the data, we
immediately observe that the RiIG and generalized Nakagami
models represent the data much better than the K-model. This
is a typical result. From the plots it is hard to conclusively tell
which of the RiIG and the generalized Nakagami models fits the
histograms best.
Another graphical way of visualizing how well a specific
parametric distribution compares to empirical data is by the con-plot.
struction of a so-called percentile plot, or a simply
A p-p-plot shows the empirical cumulative distribution function of the data against the cumulative distribution function of
the model distribution. If the distributions match, the points on
the plot form a line pattern that passes through the origin, and
has a unit slope. In a variance-stabilized p-p-plot, the uniformly
constructed percentiles are inversely sine-transformed before
constructing the plot [20]. This reduces the significance of the
tails of the distributions, where one usually has few data samples. The right-hand panels of Figs. 4–6 show p-p-plots corresponding to the left-hand side distributions. The thin line, with
unit slope, shows the p-p-plot of perfectly matching distributions. The p-p-plots confirm the conclusions from the pdf plots
to the left. The p-p-plots of the RiIG model and the generalized
Nakagami model are closer to this straight line. Some deviation
is however seen, and this is to be expected in light of the relatively small amount of data that have been used.
Testing predictive performance: A comparison of the suitability of the RiIG, the K and the generalized Nakagami models
to represent the locale envelope statistics of ultrasound images
may also be tested by log-likelihood cross-validation tests. We
carry out these tests by randomly selecting image segments of
size 21 21 from seven linearly scaled ultrasound images, two

of a human heart, three of a liver, and two of a kidney. From
each image we initially select 500 segments. However, in some
cases one, two or all three of the estimation methods fail to obtain valid estimates for the parameters, in which cases the segments are discarded. We remark that in 90% of the cases, segments are discarded because the generalized Nakagami model
cannot be fitted to the data. Hence, as can be seen from Table II,
the number of actual segments used varies from 292 and 346.
The calculation of the log-likelihood values is done in a 10-fold
cross-validation procedure, in which an image segment, denoted
, is split into a testing set
and a modeling set
. The
samples,
modeling set, which in each case consists
is used to estimate the parameters of the distributions, and the
samples, is used to
testing set, which consists of
calculate log-likelihood ratios. This is done 10 times, i.e. for
, each time using a different partitioning of the
data. The log-likelihood value associated with a given segment
is then given as the mean of the 10 calculated log-likelihood
values. The results of these tests are summarized in Table II.
The table gives, for each image, the number of image segments
for which each model yields the largest log-likelihood value. As
can be noted from Table II, for the two heart images the generalized Nakagami model is more often the winner. For all the other
images the RiIG model has the largest log-likelihood value.
B. Speckle Filtering
Speckle filtering in ultrasound images is usually classified
into two types; compounding techniques and filtering [21]. In
the compounding techniques, a series of images of one object
is sampled at different times, with different ultrasound frequencies, or different scan directions, and subsequently merged to
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Fig. 7. Ultrasound images of the human heart. Upper left: the original image. The regions A and B mark the areas where a quantitative comparison between the
different filters has been performed. The bright square to the left of A, and the small bright spot at location (270,90) are artificially inserted objects. Upper right:
RiIG MAP filtered image. Lower left: median filtered image. Lower right: 0-MAP filtered image.

form a composite image. This process is known to reduce the
spatial resolution of the image. In the filtering techniques, a
moving filter kernel is used to reduce the speckle noise. Exam-

ples of some well-known such filters are the Wiener filter, the
median filter, the adaptive median filter [22], and the minimum
mean squared error filters [23], [24].
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TABLE III
RESULTS OF LOG-STD CALCULATIONS

Some speckle filters have been developed using a Bayesian
approach. In the Bayesian filtering approach, the image is
filtered by performing a statistical estimation of the noise-free
image based on a statistical model for the formation process.
,
The estimated speckle-free amplitude of each pixel,
is the spatial location, is obtained as the most
where
. This
likely amplitude value, given an observed value
procedure is known as MAP filtering. Neglecting the spatial
coordinates, the estimation is stated in mathematical terms as
(30)
is generally not known, and one has to restate the
expression in terms of known pdfs using Bayes rule

(31)

When the RiIG pdf is used to model the noisy data in the
image domain, (30) can be applied directly, because of the fact
. Hence, in a
that (21) gives an explicit expression for
, the RiIG paramlocal window around the pixel at location
eters are estimated from the observed data. The parameters of
the corresponding posterior pdf are, thus, also given [see (21)].
The estimated speckle-free amplitude is found as the location of
, with and replaced by their local esthe peak of
. The amplitude
timates, and replaced by the observed
estimate is explicitly given as

(32)
A MAP filter based on the K model, known as the -MAP
filter, was proposed in [25]. It is a filter that has been widely used
in speckle filtering of SAR images. This filter assumes that the
parameter (in radar terminology called the radar cross section)
is -distributed. The algorithm of this speckle filter has been
summarized in Appendix II.
In the speckle filtering studies, we focus on the upper left
image of Fig. 7, hereafter denoted image U1. We study the
quality of the RiIG MAP filter by evaluating its ability to smooth
homogeneous regions and at the same time preserve sharp edges
and small, isolated features. Its filtering performance is compared with that of the -MAP filter, because the development of
this filter is based on the same basic idea. We have also chosen
to use the traditional median filter as a comparative filter, because this filter has been widely applied in image processing,
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including medical imaging, due to its edge preserving properties and simplicity in implementation [22]. To quantitatively
compare the smoothing performance of the speckle filters we
apply the standard deviation of the log-compressed (log-STD)
image. The log-STD is calculated in two homogeneous regions,
denoted A and B in U1. In addition, we evaluate the general visual quality of the filtered images. The edge preserving property
of the speckle filters is compared by looking at how two added
artificial objects are deformed by the filtering. These objects can
be seen as the bright square to the left of region A in image U1,
and the small bright spot at location (270,90). The objects may
be considered part of the speckle-free background image, and is
certainly not related to the speckle.
Note that although the parameter estimation algorithm presented in Section III allows us to estimate all three parameters
, , and , we found that using a fixed value of improved the
computational efficiency of the filtering algorithm. A fixed value
was found to give good filtering performance,1 and is
of
was picked, beused in our experiments. The value of
cause it corresponds to the most frequently occurred value of ,
when running the full estimation process over the whole image.
We used a 7 7 sized local window for all the filters. Note that
for the RiIG MAP filter there are no thresholds involved in the
filtering (as with the -MAP filter). Every pixel value is estimated using the MAP rule.
The result of filtering image U1 can be seen in Fig. 7. All
images are displayed in log-compressed scale in order to show
details, but the filtering operation was performed on linearly
scaled images. By comparing the upper left- and right-hand
images, we clearly observe that the speckle has been dramatically reduced from the areas with slowly varying background
intensity in the RiIG MAP filtered image, whereas details in
textured areas are preserved. We also note that, compared to the
output images of the other two filters, the RiIG MAP filtered
image looks much sharper. The lower panel images tend to be
much more blurred. Table III gives the results of the log-STD
calculations. It shows that in the two selected regions, the new
filter has at least as good smoothing properties as the more established filters, actually slightly better. When we look at how
well the filters preserve the artificial objects, it is surprising
how well this is being done by the RiIG MAP filter. The shape
of the square is not changed in the RiIG MAP filtered image,
as it is in the other two filtered images. The bright spot has
no signs of blurring, whereas as it is hardly discernible in the
-MAP filter and median filtered images. Fig. 8 shows the intensity variations along column 85 of the original and filtered
images, which transverses the bright square to the left of region
A. The upper panels and the lower left panel show the original
intensity profile plotted along with the respective filtered profiles. The plots confirm our previous observation that the RiIG
MAP filter has excellent smoothing properties, and at the same
time is able to preserve details. The other filters, on the other
hand, smooth well, but do not have the same detail preserving
properties.
1We remark that the filtering performance is not critically sensitive to the
value used for . However, a very small fixed value for might need the filtered image to be re-normalized to keep it at the dynamical range of the original
image.
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Fig. 8. Amplitude variations in column 85 of image. Upper left: the column 85 of original and RiIG MAP filtered image. Upper right: the column 85 of original
and median filtered image. Lower left: the column 85 of original and 0-MAP filtered image. Lower right: the column 85 of original and all the filtered images. An
offset of 40 has been added to separate the curves.

Fig. 9 shows the original and RiIG MAP filtered versions of a
second ultrasound image. As can be seen, an excellent filtering
performance is also obtained for this image.
V. CONCLUSION
We have presented a new model for representing the amplitude statistics of medical ultrasound images, which is constructed as a mixture distribution of the Rician pdf with the Inverse Gaussian as a mixture distribution. For this reason we have
called the distribution the RiIG. The model has three parameters. This makes the distribution very flexible in the sense that
the shape of its pdf may attain a lot of different forms. The model
is hence well suited for modeling the locale amplitude distribution of images acquired with coherent imaging systems, such
as ultrasound, which are known to be degraded by speckle. The
new model has a large resemblance with the well-known K distribution, which previously has been widely used to model this
kind of data.
In this paper, we have given a brief presentation of the theoretical background of the RiIG model, including an iterative
algorithm for estimating its parameters from data. We have
also included some experimental studies in which we have
compared the RiIG model with the K and the generalized
Nakagami models. We have shown that the RiIG model has
approximatively the same goodness of fit to local amplitude
histograms of ultrasound images as the generalized Nakagami
model, and both of these fit the data better than the K model.

The proposed parameter estimation of the RiIG model turned
out to be more robust than methods associated with the other
two models. Especially, the method of the generalized Nakagami model often resulted in invalid parameter estimates. Our
log-likelihood cross-validation experiments show that the RiIG
model more often is chosen as the most appropriate model for
ultrasound echo envelope.
We have also developed a MAP filter based on the RiIG
model. This filter is easy to implement, due to the fact that the
a posterior distribution is given in closed form. We have shown
that the RiIG MAP filter has very good filtering performance; it
smooths homogeneous areas well, and is at the same time able
to preserve edges and small features.
APPENDIX I
VI. THE INVERSE GAUSSIAN DISTRIBUTION
The IG distribution was first introduced as the first passage
time distribution of Brownian motion with drift [26]. The pdf of
a variable which is IG distributed can be written as2

(33)
2Note that the pdf of the IG distribution may be given in five different forms
[26].
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The IG distribution is a special version of the more general GIG
[12] distribution, which has a pdf given as

(36)
and whose th-order moments are
(37)
The IG distribution corresponds to

in (36).

APPENDIX II
VII. THE -MAP FILTER
Below we summarize the algorithm of the -MAP filter. Note
that in the presented algorithm, the input image is an intensity
, where
in accordance with
image, i.e.
the notation previously used in the paper, refers to the ultrasound
is given as
envelope value. The filtered output image

(38)
where

Fig. 9. Ultrasound images of the human heart. Left: original image. Right:
RiIG MAP-filtered image.

where is the mean, and is a scale parameter. It is further
possible to explicitly derive the moment generating function to
be

The symbols in (38) have the following definitions:
is the locale mean within in a filter window cen.
tered at pixel
, where
and
are the mean and
standard deviation of the whole input image. in synthetic aperture radar terminology, is referred to as
the number of looks.
.
, where
is the locale standard deviation within a filter window centered
.
at

(34)

The IG distribution has a close relationship with the Gaussian
distribution. It can be shown that as the parameter increases toward infinity, the IG distribution actually approaches the normal
distribution. Furthermore, the IG model is a curve of Pearson’s
Type VI [26].
, and
, we can rewrite (33) as [12]
Letting

(35)
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