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Improved Ground Subsidence Monitoring Using
Small Baseline SAR Interferograms and a
Weighted Least Squares Inversion Algorithm
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Abstract—We present the application of a weighted least
squares (WLS) method based on image mode interferometric data
to monitor the spatiotemporal evolution of land surface subsidence
in Mashhad valley, northeast Iran. The technique is based on
an appropriate combination of differential interferograms produced by image pairs with small orbital separation to limit the
spatial decorrelation phenomena. Our data consist of 17 ASAR
single-look-complex images acquired from a descending orbit by
the European ENVISAT satellite in image mode (I2), spanning
a time interval from June 2004 to November 2007. Fifty-three
reliable differential interferograms with relatively little noise and
a continuous unwrapped phase are constructed from this data set
and are analyzed using a WLS adjustment technique to produce
time series of the displacement field. The time-series analysis
suggests that the subsidence occurs within a northwest–southeast
elongated elliptically shaped bowl along the axis of Mashhad valley. The maximum accumulated subsidence during the 1260-day
period reaches approximately 86 cm, located northeast of Mashhad city. The comparison between SAR-interferometry time-series
results with continuous Global Positioning System measurements
yields an estimated root-mean-square error of ∼1.0 cm.
Index Terms—Global Positioning System (GPS), synthetic aperture radar (SAR), time series, weighted least squares (WLS)
adjustment.

I. I NTRODUCTION

L

AND subsidence can be the result of many factors, such
as the excessive extraction of underground fluid, highrise building construction, and underground tunnel excavation.
The excessive extraction of groundwater, oil, and gas results in
increased effective stress in unconsolidated sediments, which
leads to the compaction of acquire systems. There is a direct
relationship between water level decline and the occurrence of
land surface subsidence, which creates a serious environmental
problem in urban and agricultural areas. Differential synthetic
aperture radar (SAR) interferometry (InSAR) (DInSAR), using the phase difference of two correlated SAR images, has
the ability to detect surface displacements to within a
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Fig. 1. Geologic map of the Mashhad region. The solid lines are the major
active faults [3]. The red hatched polygon represents the boundary of Mashhad
city in the valley. The map is overlaid on topography generated from
3-arcsecond SRTM data. The inset shows the location of the Mashhad valley
within Iran.

centimeter-to-millimeter accuracy [1]. The technique has become an important remote sensing tool over the last decade
for the detection of land subsidence in developed groundwater
basins [2]. This letter presents an analysis of ground surface
subsidence in Mashhad valley using DInSAR observations.
The valley of Mashhad is located in northeastern Iran, between 36◦ 00 N–36◦ 40 N and 59◦ 00 E–59◦ 60 E. The valley
is oriented in an approximately northwest–southeast (NW–SE)
direction, in an area surrounded on the south by the Binalud
mountains and on the north by the Hezar-Masjed mountains
(see Fig. 1). As shown in Fig. 1, the tectonic setting of the
region is dominated by active thrust faulting along the southern
margin of the Binalud and Hezar-Masjed mountains and by a
series of normal and basin boundary faulting in the valley. The
city of Mashhad, which is a provincial capital and the second
largest city in Iran, is inhabited by over two million people,
is a flourishing religious and cultural center in the region,
and attracts millions of tourists and pilgrims each year. This
area is experiencing significant land subsidence caused by the
overextraction of groundwater resources. Piezometric records
show a significant decline in groundwater level, at locations
reaching up to 75 m between 1984 and 2005 [3].
Using the stacking method over a few interferograms covering the 2003–2005 period, Motagh et al. [3] presented a
preliminary analysis of land subsidence in the Mashhad region.
We extend this study by using additional SAR data that allow us
to perform a time-series analysis of surface deformation. This
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letter is organized as follows. In Section II, we describe the
procedures used to generate an interferometric database from
InSAR processing, followed by a brief description of the timeseries analysis using the weighted least squares (WLS) inversion method. In Section III, the results of DInSAR processing
are first discussed, and then, the results from the WLS timeseries analysis in the Mashhad valley are presented. Section IV
is dedicated to a summary and conclusions.

TABLE I
ACQUISITION DATE OF ENVISAT C-BAND SAR DATA

II. M ETHODOLOGY AND DATA P ROCESSING
Here, we employ a WLS adjustment approach to the timeseries analysis to analyze the spatiotemporal evolution of
ground deformation. The WLS approach is independent from
DInSAR processing and is implemented as a separate postprocessing step that is performed after InSAR processing.
A prerequisite for this step is the coregistration of all the
interferograms produced from InSAR processing at subpixel
accuracy either in radar or geographic coordinates. In this
method, we have a stack of coregistered interferograms that
provides multiple constraints in temporally overlapping interferograms on a given time interval, allowing for a reduction of
the effects of decorrelation noise and processing errors. Thus,
the input for the WLS procedure is a set of such interferometric
deformation images, which show the absolute deformation, in
phase or centimeter units, along the satellite line-of-sight (LOS)
direction [4].
A. DInSAR Processing
To investigate land subsidence in Mashhad valley, we use
17 SAR single-look-complex images from a descending orbit
(track 392), acquired by the European ENVISAT satellite in
image mode (I2) and spanning a time interval from June 2004
to November 2007 (see Table I). To select which InSAR pairs
should be used for the time-series analysis, the baselines for
all possible combinations were first estimated. Following this
computation, we selected the combinations that exhibited a
spatial baseline of less than 500 m and a temporal baseline of
less than three years. This selection process resulted in a subset
composed of 136 combinations.
All differential interferograms are computed using the twopass method [1] implemented in the Doris software, which was
developed at the Delft Institute for Earth-Oriented Space Research [5]. To remove the topographic phase contribution from
the interferometric phase, we use the 3-arcsecond digital elevation model generated by the NASA Shuttle Radar Topography
Mission (SRTM). The interferograms are corrected for the
phase signature due to orbital separation using precise DEOS
satellite orbits. We improve the signal-to-noise ratio of each
differential interferogram using a weighted power spectrum
filter [6]. A complex multilook operation with four looks in the
range direction and 20 looks in the azimuth is performed on the
interferograms, resulting in a pixel dimension of approximately
100 × 100 m. We unwrapped these interferograms using a
statistical minimum-cost flow algorithm implemented in the
SNAPHU package [7]. Note that the unwrapping operation is
only applied to those pixels that exhibited an estimated coherence value above a threshold of 0.2, thus excluding pixels that
are strongly affected by noise and significantly improving the

reliability of the unwrapped results. The unwrapped interferograms are then projected to a geographic grid using SRTM and
are calibrated with respect to an area of known (approximately
zero) displacement to obtain absolute displacements.
B. WLS Adjustment Inversion
Let N + 1 be the number of SAR acquisitions relative to
the same area acquired at the chronologically ordered times
t = [d0 , . . . , dN ] and M be the number of the differential interferograms constructed from this data set. For each pixel, we can
make an M × 1 observation vector from the M interferometric
displacement maps. The first day d0 is taken as the reference
date, and the mean deformation rates with respect to this day
at the other N days are taken as unknowns or parameters. The
WLS solution for such a system is straightforward

−1 T −1
X̂ = AT Σ−1
A Σd d
(1)
d A
where d and X are the set of differential displacements and
the unknown mean velocities between acquisition dates, respectively. A is an M × N design matrix, which is an incidencelike matrix, from which elements are obtained by taking the
partial derivatives with respect to the mean velocities associated
with a given interferogram. The novelty of this methodology
compared with the classical least squares method for InSAR
data [4] is in the use of the weighting matrix of the observations,
which is the inverse of the observation covariance matrix Σd .
This matrix allows us to carefully consider the effect of phase
noise and the atmospheric phase signal in the inversion of the
InSAR database, and it formulates these error sources in terms
of the covariance matrix of observations. The diagonal elements
of the matrix are the sum of two components, the atmospheric
2
2
variance (σAV
), and the variance due to noise (σNV
) in the
interferogram, as follows:
2
2
2
2
σij
= σAV
+σNV
= σAV
+(1−|γ|)NV ,

for i = j

(2)

where |γ| indicates the coherence magnitude of each pixel
and is estimated by the maximum likelihood method for the
centered pixel on the estimation window (in complex samples).
The coherence is bounded to the interval [0, 1]. These two components of the total variance are uncorrelated and thus have zero
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Fig. 2. Four geocoded interferograms derived from ENVISAT Advanced Synthetic Aperture Radar (ASAR) images in the study area. The interferograms are
underlain by a shaded relief map. Each fringe (phase cycle from −π to π) represents a ground displacement of 2.8 cm in the satellite LOS direction.

covariance, because they originate from different sources. The
contribution of the atmospheric phase in the total interferometric phase cannot be determined directly. However, with knowledge of the general properties of the atmospheric phase, one
can estimate its magnitude in terms of statistical measures. For
instance, the variance of the atmospheric phase is determined in
a region assumed to be unaffected by surface displacement. To
have a reliable estimation, the selected area should have high
coherence, little topographic variation, and the same size in all
interferograms. For every interferogram, the 1-D signal power
spectrum of the atmospheric phase is then calculated and used
to obtain atmospheric variances via fitting a suitable power law,
as proposed by Hanssen (2001) [8]. The atmospheric variances
range between 0.2 and 2 rad2 for the constructed interferograms
in this study. The second component of the total variance
indicates the effect of phase decorrelation, which is obtained by
the coherence magnitude of each pixel. Any loss in coherence
(1 − |γ|) can be referred to as phase noise.
The off-diagonal elements of the covariance matrix contain
the atmospheric covariances of interferograms that share a certain acquisition. The atmospheric phase in an interferogram is
the difference between the atmospheric phase delay of the slave
scene and that of the master scene. If one of the two scenes is
used in another interferogram, its phase delay will contribute in
that interferogram as well, causing correlation between the two
interferograms. The atmospheric covariance between the two
interferograms is estimated from their atmospheric variances as
follows [9]:

 2
2
2
2
,
= σi+j,AV
− σi,AV
+ σj,AV
σij

for i = j.

(3)

The covariance is set to zero for two interferograms that do not
share a common acquisition, assuming that their atmospheric
phases are not correlated.

Fig. 3. (a) Overview of all 53 interferograms derived from InSAR processing
for the time-series analysis. The vertical bar represents the time span of
each interferogram on a linear scale. (b) Relative perpendicular baseline SAR
interferograms used in this study.

III. E XPERIMENTAL R ESULTS
Fig. 2 shows the examples of the generated interferograms,
including the location and extent of ground subsidence that
occurred between the acquisition times of the master and slave
radar images. A ground displacement causing a phase change
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Fig. 4. Displacement time series for Mashhad valley obtained from the WLS analysis of the descending track 392.

of 2π (i.e., one fringe) in an interferogram corresponds to λ/2
in the LOS direction, which is approximately 28 mm for the
ENVISAT radar interferometry. The dominant feature in these
interferograms is an NW–SE elongated elliptical fringe pattern
along the axis of the valley. This pattern is more visible in the
short-term than in the long-term interferograms. For the agricultural fields and vegetated parts of this area, the fringe visibility
decreases in the interferometric pairs covering longer time
intervals exceeding six months due to the phase decorrelation.
Among the generated interferograms, 53 reliable unwrapped
interferograms, which provided a good representation of the
surface displacement field, were selected for the time-series
analysis (Fig. 3). We used the WLS adjustment approach, as
discussed in the previous section, to analyze the spatiotemporal
evolution of land subsidence in Mashhad. In an ideal case,
assuming that all pixels in our 53 interferograms would have
unwrapped correctly, the number of observations (interferograms) M would be 53, and the number of unknown parameters
u would be 16. Therefore, here, we expect to have a redundancy
of 48 for each pixel. Practically, however, it is impossible
to have this redundancy number for all pixels. As mentioned
before, we consider a threshold of 0.2 on coherence values
during the unwrapping of each interferogram. As a result, for
some pixels that were unwrapped only in a few interferograms
(< u), we even encountered an underdetermined and unsolvable system of equations. Therefore, the WLS analysis in this
study was performed only for pixels with an overdetermined
system of equations.
Fig. 4 shows the 16 displacement maps resulting from the
WLS adjustments of the interferograms. Each image represents
the LOS displacement in centimeters at one of the 16 days considered, with respect to the reference day on June 14, 2004 (d0 ).
Fig. 5(a) shows the evolution of subsidence during the period
of observation (June 2004–November 2007) at two locations
in Mashhad, which are indicated by A and B in Fig. 6(a). The
deformation history of point A (location of maximum displacement) demonstrates an LOS displacement of approximately
79 cm. The deformation history of point B demonstrates a sur-

Fig. 5. (a) Time-series plots of displacement at points A and B. The locations
of the points are shown in Fig. 6(a). (b) Comparison between the InSAR timeseries results with continuous GPS measurements. The location of the GPS
station is marked by a triangle in Fig. 6.

face displacement of approximately 59 cm in the LOS direction.
We assess the accuracy of our InSAR time-series results by
making a comparison between InSAR and Global Positioning
System (GPS) time-series results at a station located in the
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Motagh et al. [3] performed a preliminary analysis of subsidence in Mashhad by relying on only 13 interferograms and by
using the stacking method for 2003–2005. They showed that the
northeastern part of Mashhad city was subsiding at a maximum
rate of 30 cm/year Our time-series analysis shows that the
maximum amount of subsidence in the region is approximately
17% less than that previously suggested. As shown in Fig. 6,
a maximum subsidence rate of 25 cm/year was obtained in
our study. The redundancy of observations in the time-series
method combined with the application of the WLS approach
leads to the better robustness of our results by minimizing
the effects of phase artifacts coming from processing errors or
atmospheric turbulence, which increases the accuracy of the
time-series results compared with the results obtained from
the stacking method, which uses only a simple averaging of a
few interferograms. The availability of just one LOS-projected
displacement component did not allow us to carry out an investigation on the effect of the horizontal and vertical components
of the detected deformation. The decoupling of the east–west
and vertical deformation components can be achieved by using
ASAR data from both ascending and descending orbits. However, this process was not possible in this study because the
availability of high-coherency interferograms from the ascending data acquired by the ENVISAT-ASAR sensor is extremely
limited for this area.
ACKNOWLEDGMENT

Fig. 6. Average subsidence velocities from (a) the WLS time-series analysis
between June 2004 and November 2007 and (b) the stacking method [3] for
2003–2005.

investigated area [triangle in Fig. 6(a)]. Due to the lack of
GPS stations located in this area, we use measurements from
only one GPS station. These data are collected permanently
at Tous station, which has been operating in the area since
early 2005 and has a time overlap with our SAR measurements.
The comparison shows a generally strong agreement between
InSAR and GPS data, as shown in Fig. 5(b). The standard
deviation (std) of the differences between the InSAR and the
GPS measurements is approximately 1.1 cm.
IV. S UMMARY AND C ONCLUSION
This letter has presented an application of an InSAR timeseries analysis to derive the spatiotemporal evolution of land
subsidence in Mashhad valley. The WLS inversion was applied
to a data set of 53 interferograms, and the time series of
subsidence maps were retrieved. The time-series analysis of
radar interferometry observations for the Mashhad region during the nearly three and a half years showed that the maximum
subsidence has occurred northeast of Mashhad city. Finally,
a comparison between space-based InSAR measurements and
ground-based geodetic measurements from GPS was presented,
confirming the validity of the results achieved through the
InSAR time-series analysis. We have shown that the computed
standard deviation value of the differences between the InSAR
and the GPS results is approximately 1 cm.
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